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TRANSACTIONS OF "IF, V. A. STEKLOV  MATHEMATICAL  INSTITUTE 

APPLICATION OF THE CHARACTERISTICS METHOD TO  NUMERICAL  SOLUTION 
OF UNIDIMENSIONAL  PROBLEMS IN GAS  DYNAMICS 

A.I. Zhukov 

ABSTRACT 

The  motion  of  an  ideal,  compressible  gas  is  investigated, 
assuming  that  all  quantities  depend  on  one  coordinate  and  time. 
The  usual  gasdynamic  equations  are  derived  in  Chapter 1. 

In Chapter 2, the  equations  of  the  characteristics  and  the 
invariants  are  discussed.  Chapter 3 treats  the  theory  underlying 
the  practical  methods  used  to  determine  the  flow  field.  Chapter 4 
outlines  the  order  of  accuracy  of  the  initial  calculation  (based 
on  linear  interpolation)  and  the  recalculation  (based on quadratic 
interpolation). Practical  formulas  are  derived  for  several 
equations  of  state  in  Chapter 5, and  practical  procedures  for  hand 
computation  are  discussed in Chapter 6 .  

The  computation  of  the  flow  field  in  the  vicinity  of  the 
boundary  is  treated  in  Chapter 7. Several  examples of simple  waves 
(for  which  one  of  the  Riemann  invariants  is  constant)  are  dis- 
cussed.  Using  the  laws  of  conservation,  the  jumps  in  the  flow 
parameters  across  line  discontinuities  are  presented  in  Chapter 9 .  

Discontinuities  through  which no matter  passes  are  called 
contact  discontinuities. If there  is  a  flux  of  matter  through  the 
discontinuity, it  is  called a  shock  wave.  Practical  formulas  for 
computing  the  flow  field with  a contact  discontinuity  are  discussed 
in  Chapter 10. The decay  of  an  arbitrary  discontinuity  into  either 
a  shock wave, expansion wave, or  contact  discontinuity  .is  treated. 

Under  the  assumpti'on  that  the  substance  cannot  sustain  nega- 
tive  pressure,  separation  occurs  which  is  discussed  in  Chapter 14. 
The  over-all  accuracy  of  the  solution  is  checked  by  verifying  the 
fact  that  the  integral  forms of the  conservation  laws  are  sat- 
isfied. A detailed  description  of  the  computer  program  for  the 
"Strela"  computer  and  an  example  are  given. 



FORWARD - /4* 

By right,  the  method  of  characteristics  occupies  an  important  position  in 
hydrodynamics  and  gas  dynamics.  However,  there  has  been no complete  descrip- 
tion  of  it  in  our  literature  as  a  numerical  method  until  recently.  The  book  by 
D. Yu.  Panov"  gives  only  the  simplest  information  regarding  this  problem. It 
cannot  serve  as  a  handbook  for  the  practical  solution  of  any  complex  problem. 

This  book  represents  an  attempt  to  present  systematically  a  numerical 
method  of  characteristics  as  applied  to  one  specific  class  of  problems - uni- 
dimensional,  nonstationary  problems  of  gas  dynamics. It includes  basic  in- 
formation  on  equations  of  hydrodynamics  which,  however,  can  in  no  way  substi- 
tute  for  a  systematic  course.  The  book  is  designed  for  the  reader  who  has  a 
basic  understanding  of  the  theory  of  equations  of  partial  derivatives,  who 
is  familiar  with  the  bases  of  hydrodynamics  and  gas  dynamics , and  who  has 
studied  numerical  methods  in  the  normal  university  course.  Appendix 1 describes 
programs  designed  for  electronic  computers;  this  section  is  intended  for  quali- 
fied  programmers. 

The  bases  of  the  numerical  method  presented  here  were  developed  more 
than  ten  years  ago  by  K.  A.  Semendyayev  with  the  help  of I. M. Gel'fand.  The 
individual  sections  belong  to  the  author of this  book. 

The  manuscript  of  this  book  was  reviewed,  and  the  author  would  like  to 
express  his  profound  appreciation  to K. A.  Semendyayev, S .  K. Godunov,  and 
Ya. M. Kazhdan  who  made  several  very  valuable  comments. 

* D. Yu.  Panov.  Numerical  Solution  of  Quasilinear  Hyperbolic  Systems  of 
Differential  Equations  of  Partial  Derivatives  (Chislennoye  resheniye 
kvazilineynykh  giperbolicheskikh  sistem  differentsial'nykh  uravneniy  v 
chastnykh  proizvodnykh). MOSCOW, Gostekhizdat, 1957. 
Note:  Numbers  in  the  margin  indicate  pagination  in  the  original  foreign 

* 
text. 
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1. BASIC EQUATIONS 

We sha l l   inves t iga te   the   p roblem  of   the   un id imens iona l   mot ion   of   an  /5 
idea l   compress ib le   l iqu id   (or   gas) .  A s  is  known, the  motion  of a s o l i d  
medium is  c a l l e d   u n i d i m e n s i o n a l ,   i f   t h e   s p a t i a l   d i s t r i b u t i o n   o f  a l l  t h e  quan- 
t i t ies c h a r a c t e r i z i n g  i ts  condition  depends  only  on  one  coordinate a t  each 
moment i n  time. This   coordinate  may be  the  customary  Cartesian  coordinate;  
such  motion is ca l led   f la t   un id imens iona l   mot ion .   This   coord ina te  may a l s o  
b e   t h e   d i s t a n c e   t o  a c e r t a i n   f i x e d   a x i s   o f  symmetry,  and  then the  motion w i l l  
b e   c y l i n d r i c a l l y  symmetrical mot ion .   F ina l ly ,   one   s ign i f icant   coord ina te  may 
b e   t h e   d i s t a n c e   t o  a s p e c i f i c   c e n t e r  - t h i s   mo t ion  is c a l l e d   s p h e r i c a l l y  sym- 
metrical motion. We s h a l l  now der ive   the   main   equat ions   for   un id imens iona l  
gas  motion. 

" 

A typical   example  of   f la t   unidimensional   motion is the  motion  of a gas   o r  
l iqu id   wi th in   the   l ength   o f  a r i g h t   c y l i n d r i c a l   t u b e   ( F i g u r e  1). It must  thus 
be  assumed t h a t   t h e   t u b e  w a l l s  have  no  influence upon the  motion  of  the  sub- 
s t ance   w i th in ,   and   t ha t  a l l  t h e   m o t i o n   c h a r a c t e r i s t i c s   ( p a r t i c l e   v e l o c i t y ,  
dens i ty ,   p ressure ,   e tc . )  are t h e  same f o r  any t r a n s v e r s e   c r o s s   s e c t i o n   a n d   f o r  
a l l  p o i n t s  of t h i s   c r o s s   s e c t i o n .   P a r t i c l e   v e l o c i t i e s  m u s t   b e   p a r a l l e l   t o   t h e  
tube   ax i s .  

By se l ec t ing   one   spec i f i c   c ros s   s ec t ion  as t h e   o r i g i n ,  w e  can  completely 
def ine  any o t h e r   c r o s s   s e c t i o n  by t h e   s i n g l e   c o o r d i n a t e  x. Any c h a r a c t e r i s t i c  
of   the moving medium w i l l  depend  only on th i s   coo rd ina te  x and t h e  t i m e  t. 

I n   o r d e r   t o   s i m p l i f y   t h e  la ter  d iscuss ion ,  w e  s h a l l  assume t h a t   t h e  area 
of t he   t ube   t r ansve r se   c ros s   s ec t ion   equa l s   un i ty   ( t h i s   does   no t   impose  a l i m i -  
t a t i o n  on t h e   g e n e r a l i t y ,   s i n c e  - due t o   t h e   f a c t   t h a t   t h e  w a l l s  have  no  in- 
f luence - the   motion  of   the medium does  not  depend  on  the  magnitude  of  the 
t r a n s v e r s e c r o s s   s e c t i o n ) .   I n   a d d i t i o n ,  w e  s h a l l  assume t h a t   t h e   t o t a l  mass /6 
of a s u b s t a n c e   l o c a t e d   t o   t h e   l e f t  of  any c r o s s   s e c t i o n  x ,  a t  any moment i n  
t i m e  t ,  has  a s p e c i f i c   f i n i t e   v a l u e  M. The q u a n t i t y  M is a func t ion  of t h e  
two v a r i a b l e s  x and t .  L e t  us  determine i t s  t o t a l   d i f f e r e n t i a l .  

L e t  us f i r s t  examine the   condi t ion   o f   our   subs tance  a t  a c e r t a i n   f i x e d  
moment i n  t i m e  t. I f  x and x+dx are two i n f i n i t e l y   c l o s e   c r o s s   s e c t i o n s ,   t h e n  
t h e  mass of the  substance  between them w i l l  b e  

dM = p d x ,  

where p is t h e   d e n s i t y  a t  t h e   p o i n t  x under  consideration.  Consequently,  w e  
have 

On the   o ther   hand ,  l e t  us  examine a f ixed   c ros s   s ec t ion   x ,   and  l e t  us cal- 
c u l a t e   t h e   c h a n g e   i n   t h e  mass M dur ing   the  t i m e  d t .  The volume  of  substance 
pass ing   th rough  our   c ross   sec t ion  w i l l  be  u dt ,   where u is t h e   p a r t i c l e   v e l o c i t y  
We o b t a i n   t h e  mass by m u l t i p l y i n g   t h i s  volume  by the   dens i ty .  We thus  have 
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Figure 1 

The minus  s ign  must   be  placed  here ,   because a t  a p o s i t i v e   v e l o c i t y  u t h e  
p a r t i c l e s  move from l e f t   t o   r i g h t ,  and  consequently  the mass M decreases .  
This means t h a t  

aM -= ". 
at 

We f i n a l l y   h a v e  

L e t  us now assume tha t   our   c ross   sec t ion ,   def ined   by   the   coord ina te  x, 
moves acco rd ing   t o  a c e r t a i n  l a w  x = x(t) .   This  motion  can  be  expressed  graphi- 
c a l l y  on the   x ,  t plane  (Figure  2) .  We c a n   c a l c u l a t e   t h e  mass f lux   th rough 
t h i s   c r o s s   s e c t i o n  when it  moves from  point A t o   p o i n t  B. To do t h i s ,  i t  is  
n e c e s s a r y   t o   i n t e g r a t e  
c u l a t e   t h e   i n t e g r a l  

It can  be  readi ly  
( f o r  a given  motion  of 
t h e   i n t e g r a t i o n   p a t h  

t h e   d i f f e r e n t i a l  (1.1) along  the  curve AB, i .e.  , t o  cal- 

A i p d x - p u d l .  

shown tha t   t he   magn i tude   o f   t h i s   i n t eg ra l  may depend 
the  substance)   only on t h e   p o i n t s  A and B y  but   no t  on 
combining them ( fo rma l ly ,   t h i s  arises f rom  the   f ac t   t ha t  

expression (1.1) is  a t o t a l   d i f f e r e n t i a l ) .   I n   p a r t i c u l a r ,   i n t e g r a t i o n  of ex- 
press ion  (1.1) along  any  closed  contour  on  the  x,  t plane  must   yield  zero as 
a r e s u l t :  

This   formula  represents   the  most   general   mathematical   expression  for   the /7 
phys ica l  l a w  of  conservation of mass f o r   t h e  case under   cons idera t ion   of   the  
f la t   unidimensional   motion  of  a s o l i d  medium. It must   be  noted  that   equat ion 
(1.2) i s  v a l i d   f o r  any i n t e g r a b l e   f u n c t i o n s   p ( x ,   t )  and u ( x ,   t ) .   I n   p a r t i c u l a r ,  
these   func t ions  may be  discontinuous.  

I f   t h e   f u n c t i o n s   o f  p and u have   con t inuous   pa r t i a l   de r iva t ives ,   t hen  con- 
d i t i on   (1 .2 )   can   be   wr i t t en   i n   t he   fo rm 

4 



Figure 2 

o r  

This i s  a d i f f e r e n t i a l  form  of t h e  l a w  of conservation  of mass. A s  is known, 
equation  (1.3) i s  ca l l ed   t he   equa t ion  of d i s c o n t i n u i t y .  

S imi l a r   exp res s ions   fo r   cy l ind r i ca l ly  symmetric, and f o r   s p h e r i c a l l y  
symmetric,  motion may be   readi ly   ob ta ined .  To b e   s p e c i f i c ,  l e t  US discuss  
the   sphe r i ca l   ca se .  A l l  of t h e   p h y s i c a l   c h a r a c t e r i s t i c s  of  t h e  medium -- 
d e n s i t y ,   p r e s s u r e ,   a b s o l u t e   p a r t i c l e   v e l o c i t y ,   e t c .  - a t  any moment i n  t i m e  
w i l l  b e  constant  on t h e   s u r f a c e  of any sphere drawn around  the  center  of symme- 
t r y .  The d i r e c t i o n  of v e l o c i t y   a t   e a c h   p o i n t   c o i n c i d e s   v i t h   t h e   d i r e c t i o n  of 
t he   r ad ius   vec to r .   The re fo re ,   t he   ve loc i ty  i s  given by one s c a l a r   q u a n t i t y  

d r  
d t  u = -. 

L e t  us draw a sphere   having   the   rad ius  r around  the  center  of symmetry, 
and l e t  us  use 4nM t o   d e s i g n a t e   t h e   t o t a l  mass of the  substance  included  within 
i t  ( for   purposes   o f   convenience ,   the   fac tor  4n is introduced) .  The  volume  of 
substance  included  between  the  spheres   having  the  radius  r and r + dr   equa l s  
4 m 2   d r y  and i ts  mass is  4npr2  dr .   Therefore ,  w e  have 

The volume of substance  passing  through a sphere   having   the   rad ius  r during 
t h e  t i m e  d t   equa ls   the   p roduct   o f   the   sur face  of t h i s   s p h e r e   4 r r 2  by t h e  quan- 
t i t y  u d t .  Thus, mu l t ip ly ing   by   t he   dens i ty ,  w e  o b t a i n  

5 



dM 
” - - upr= 

(the  minus  sign  is  used  for  the same reasons  given above). Consequently, /8 
we have 

d M  = pPdr - &’dt. 

We  thus  rapidly  obtain  the  integral  form  of  the  law  of  conservation of 
mass 

$ prPdr - pur2dt = 0 

and  its  differential  form 

(spherical  equation of discontinu~ii) . 
In  the  cylindrical  case,  similar  reasoning  leads  to  the  expression  for  the 

mass  differential 
dM = pr dr - purdt 

(r - distance  from  axis  of  symmetry,  u - radial  velocity  component). We thus 
have 

$;prdr -purdt  = 8, 

$ + u z . r p - = - - *  ap , au PU 
ar 

All three  cases  can  be  combined,  if  it  is  stipulated  first  of  all  that  the 
spatial  coordinate  is  designated  by  r  also  for  flat  unidimensional  motion,  and 
secondly  that  the  factor v is  introduced,  equalling 0 in  the  flat  case, 1 - in 
the  cylindrical  case,  and 2 - in  the  spherical  case.  The mass differential  can 
be  written  as  follows 

dM pr’dr - pWdt ,  
(1 .4 )  

the  law of conservation  of  mass - in  the  following  form 

and  the  equation  of  discontinuity 

J 6  



In   o rder   to   avoid   any   confus ion ,  it should   be   no ted   tha t  M y  which  can  be 
determined by equation  (1.4) , has  the  dimension , which  coincides  with 
the  dimension  of mass o n l y   i n   t h e   s p h e r i c a l  case. The f a c t  is  t h a t   i n   t h e  
f l a t  problem M r e p r e s e n t s   t h e  mass of t he   subs t ance   pe r   un i t   o f   t r ansve r se  
tube   c ros s   s ec t ion ,  and i n   t h e   c y l i n d r i c a l   p r o b l e m  i t  r e p r e s e n t s   t h e  mass p e r  
u n i t  of length   o f   the  axis of symmetry. A similar s t i p u l a t i o n  must  be  kept /9 
i n  mind f o r   t h e  momentum and  energy  examined  below. 

L e t  u s   i n v e s t i g a t e   t h e  l a w  of  conservation of momentum. The condi t ion  of  
i d e a l i t y   f o r   t h e   s u b s t a n c e  i s  impor tan t   for  i ts  d e r i v a t i o n ,  i .e.,  the  absence 
of i n t e r n a l   f r i c t i o n   i n  it. Therefore ,   the   on ly   in te rac t ion   force   be tween  the  
p a r t i c l e s  w i l l  be   t he   fo rce   o f   t he   p re s su re   p .  

I n   t h e  case of f l a t ,   u n i d i m e n s i o n a l   m o t i o n ,   n o   p a r t i c u l a r   d i f f i c u l t i e s  
are encoun te red   i n   de r iv ing   t he  l a w  of  conservation  of momentum. We s h a l l  
aga in  employ our model  of a g a s   o r   l i q u i d   w i t h i n  a tube,  and w e  s h a l l   d e s i g n a t e  
t h e   t o t a l  momentum of t h e   s u b s t a n c e   l o c a t e d   t o   t h e   l e f t   o f   t h e   c r o s s   s e c t i o n  
wi th   the   coord ina te  r by P. We s h a l l  assume  from t h i s   p o i n t  on tha t   no t   on ly  
is t h i s  momentum P f i n i t e ,   b u t   t h a t   t h e r e  is no momentum f l u x  from  minus 
i n f i n i t y ,  i . e . ,  for  example,  somewhere  on t h e   l e f t   t h e r e  i s  a region of zero 
p r e s s u r e   ( j u s t  as p r e v i o u s l y ,   t h e   f i n a l   r e s u l t s  do not  depend on these  assump- 
t i o n s ) .  

The mass pu d t   pas ses   t h rough   t he   g iven   ( s t a t iona ry )   t r ansve r se   c ros s   s ec t ion  
i n   t h e  t i m e  d t ;   t h e  momentum pu2dt i s  removed toge ther   wi th  i t .  I n   a d d i t i o n ,  
t h e   f o r c e  p in f luences   the   subs tance   wi th   the  momentum P from t h e   s i d e  of   the 
subs t ance   l oca t ed   t o   t he   r i gh t  (we should recall  t h a t   t h e   t r a n s v e r s e   c r o s s  
sec t ion   has   un i t   a r ea ) .   The re fo re ,   t he  momentum p d t  i s  l o s t   i n   a d d i t i o n .  
F i n a l l y ,  we have 

Consequently, w e  have 

Both t h e   i n t e g r a l  and   the   d i f fe ren t ia l   form  of   the  l a w  of  conservation  of momen- 
tum can   thus   be   readi ly   ob ta ined .  We p r e f e r ,  however, t o  do t h i s  somewhat later 
i n  a more general  form. 

The c y l i n d r i c a l  and   spher ica l  cases are more  complex. Momentum is a vec- 
t o r i a l   q u a n t i t y ,   a n d  it can   be   r ead i ly  shown t h a t ,   f o r  example, i n   t h e   s p h e r i -  
cal  case t h e   t o t a l  momentum of a subs tance   loca ted   wi th in  any sphere,  which i s  
drawn  around the   cen te r   o f  symmetry,  always  equals  zero  exactly. The l a w  of 
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conservation  of momentum becomes t r i v i a l  and  meaningless. 

The way o u t   o f   t h i s   d i f f i c u l t y  i s  as follows. L e t  u s   cu t  a cone  out  of 
s p a c e   ( i n   t h e   s p h e r i c a l  case) wi th   the   apex  a t  the   cen te r   o f  symmetry (Figure 3 ) ,  
and w e  s h a l l   i n v e s t i g a t e   o n l y   t h e  momentum of the   subs t ance   i nc luded   w i th in   t h i s  
cone   and   l imi ted   on   the   ou ts ide  by a sphere   having   the   rad ius  r. It can be /10 
assumed t h a t   t h i s  cone is  not  "imaginary",   but i s  "real".  It is only  important 
t h a t  i t s  walls be   abso lu t e ly  smooth  and that   they  have  no  inf luence on t h e  mo- 
t i o n  of the   subs tance   inc luded   wi th in  them ( s i m i l a r l y   t o   t h e   t u b e  walls i n   t h e  
f l a t   c a s e ) .  

The t o t a l  momentum of the   subs tance   wi th in   such  a cone w i l l  no t   be   equal  
to   zero ,   genera l ly   speaking ,  and w e  may a t t e m p t   t o   c a l c u l a t e  i t s  t o t a l   d i f f e r -  
e n t i a l .  However, one   fea ture  must be   t aken   in to   account   here .  No matter how 
"smooth" t h e  walls of our  cone are, they  produce a pressure   on   the   subs tance  
included  within them; i n   c o n t r a s t   t o   t h e   f l a t  case, t h e   r e s u l t a n t   f o r c e   o f   t h i s  
p re s su re   does   no t   equa l   ze ro   ( i t   c an   be   r ead i ly   s een   t ha t  i t  w i l l  b e   d i r e c t e d  
t o   t h e   o u t s i d e ) .  We mus t   t ake   t h i s   add i t iona l   fo rce   i n to   accoun t .  It can  be 
r e a d i l y  shown tha t   the   p ressure   (wi th   the   appropr ia te   weight )   mus t   be   in tegra ted .  
o v e r   t h e   c o n e   s u r f a c e   i n   o r d e r   t o  compute t h i s   f o r c e .  The momentum d i f f e r e n -  
t i a lcannot   be   expressed   on ly  by l o c a l   q u a n t i t i e s ;  i t  con ta ins   an   i n t eg ra l .  The 
s i t u a t i o n  is c o m p l e t e l y   i d e n t i c a l   i n   t h e   c y l i n d r i c a l  case. 

We sha l l   no t   pe r fo rm  the   comple t e   de r iva t ion   he re ,   bu t   sha l l   p re sen t   t he  
r e s u l t  a t  once. The momentum d i f f e ren t i a l   has   t he   fo l lowing   fo rm 

d P  = purv& - [(pu2 + p )  rv - f vrV-lpdr] dt. 
0 

The following  form i n  which i t  may b e   w r i t t e n  is  a l s o  of i n t e r e s t :  

r 

d P  = purvdr - [pu+ + rYdp] dt .  
0 

and t h e   i n t e g r a l   h e r e  must  be  regarded as t h e  St ie l t jes  i n t e g r a l .  

I n   o r d e r   t o   o b t a i n   t h e   i n t e g r a l   f o r m   f o r   t h e  l a w  of  conservation  of momen- 
tum, we must i n t e g r a t e   t h e   d i f f e r e n t i a l  (1.8) ove r   ( an   a rb i t r a ry )   c lo sed  con- 
t o u r  on t h e  r, t plane.  Thus, t h e   i n t e g r a l   i n   t h e   s e c o n d  component can  be /11 
r ead i ly   t r ans fo rmed   i n to   an   i n t eg ra l   ove r   t he  area inc luded   w i th in   t h i s  con- 
tour .   Thus,   the  l a w  of  conservation  assumes  the  following  form (we s h a l l  
again  omit  the  intermediate  computations) 

($ purYdr - (pu2 + p )  rvdt = vrv-lp  dr  dt. (1.10) 

The in t eg ra l   fo r   an   a rb i t r a ry   c losed   con tour  is  o n   t h e   l e f t ;   t h e   i n t e g r a t i o n  
d i r e c t i o n  is  assumed t o  be  counter-clockwise  (Figure 4 ) .  The in t eg ra l   ove r   t he  
area inc luded   wi th in   th i s   contour  i s  on t h e   r i g h t .  

By  now e q u a t i n g   t h e   p a r t i a l   d e r i v a t i v e   f o r  t from t h e   f i r s t  component  of 
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Figure 3 

t h e   r i g h t   p a r t  o f   (1 .8 )   w i th   t he   pa r t i a l   de r iva t ive   fo r  r from i t s  second com- 
ponent, w e  o b t a i n   t h e   d i f f e r e n t i a l   f o r m  of t h e  l a w  of  conservation  of momentum. 
The i n t e g r a l   i n   t h e   s e c o n d  component thus  disappears,   and w e  ob ta in   t he  equa- 
t i o n  

____ = -. d (pur’) 
d t  

d I(PU2 + P) ‘11 + yry-lp* 
dr 

This   equat ion  can  be  t ransformed  to   the  fol lowing form: 

When making a comparison  with  the  equation of d i scon t inu i ty   (1 .6 ) ,  w e  can  see 
t h a t   t h e   f i r s t   b r a c k e t   v a n i s h e s ;  w e  then arrive a t   t he   fo l lowing   equa t ion  

(1.11) 

which i s  w e l l  known as   the  Euler   unidimensional   equat ion.  We would l i k e   t o   p o i n t  
o u t   t h a t  i t  has   absolu te ly   the  same form i n   t h e   f l a t   c a s e ,  as i t  does i n   t h e  
c y l i n d r i c a l  and s p h e r i c a l  cases. 

We must now examine t h e  l a w  of  conservation of energy. The d i f f i c u l t i e s  
encoun te red   i n   de r iv ing   t he  l a w  of  conservation  of momentum disappear   here ,  be- 
cause energy is  a s c a l a r   q u a n t i t y .  It i s  on ly   necessa ry   t o   i nc lude   aga in   t he  
condi t ion  of   an  ideal  medium, which is expressed  in   the  absence  of   thermal  con- 
d u c t i v i t y   t h i s  t i m e .  T h i s   c o r r o b o r a t e s   t h e   f a c t   t h a t   t h e   t o t a l   e n e r g y   o f  a sub- 
s tance   inc luded   wi th in  a c e r t a i n  volume changes  only  due t o   t h e   p r e s s u r e   f o r c e  
a t   t h e  boundary. L e t  us  perform a d e r i v a t i o n   f o r   t h e   c y l i n d r i c a l  case. We /12 
s h a l l  draw two p lanes   perpendicular ly   to   the   ax is   o f  symmetry; these   p lanes   a re  
loca ted  a u n i t  of  length  from  each  other.  We s h a l l   u s e  ~ I T E  t o   d e s i g n a t e   t h e  
t o t a l   e n e r g y  of a subs tance   inc luded   wi th in  a volume def ined by these  planes 
and  by a c y l i n d r i c a l   s u r f a c e   h a v i n g   t h e   r a d i u s  r which is drawn  around t h e  axis 
of  symmetry (Figure 5).  
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Figure 4 

I f  w e  change the   cy l inde r   r ad ius  by t h e   q u a n t i t y   d r y   t h e n   t h e  mass of a 
substance  included  within  the  cyl inder   changes by t h e   q u a n t i t y   2 1 ~ p r   d r .  The 
to t a l   ene rgy   o f   t h i s   subs t ance  is comprised  of two p a r t s  - a k i n e t i c  and  in- 
t e r n a l  (thermodynamic)  part.  If we use E t o   d e s i g n a t e   t h e   s p e c i f i c   i n t e r n a l  
energy  ( i .e .  , the   energy  of  a u n i t  of  mass) , w e  f i n d   t h a t   t h e   t o t a l   e n e r g y  of 

a u n i t  of  mass equals  E + -. Consequent ly ,   the   change  in   the  total   energy of 

our  substance,  which  occurs  due  to a change in   t he   cy l inde r   r ad ius ,   equa l s  

2Tpr (E + -) dr .   Therefore ,  

U 2  

2 

U2 

2 - 

Par t i c l e s   occupy ing   t he   cy l ind r i ca l   su r f ace  move  away from i t  a t  the   d i s -  

t a n c e   d r  = u d t   i n   t h e  t i m e  dt .   There is an  outflow  of  energy Z I T ~ ( E  + 2 ) r u   d t  

f rom  our   cy l inder   a long   wi th   the   par t ic les .   In   addi t ion ,   these   par t ic les   per -  
form  the work 2nrpu d t   ( t h e   f l a t   s i d e  o f   t he   cy l inde r   equa l s   2~ r r ) .  The t o t a l  

energy  decrease i s  Z-rrr [ p (E + 2) + PI  u d t .  Thus, 

U 2  

U 2  

&?= dE - U [ p ( E f $ ) + P ] r .  

We a r r i v e  a t  the   fo l lowing   expres s ion   fo r   t he   ene rgy   d i f f e ren t i a l :  

I n   t h e   g e n e r a l  case ( f o r  a l l  three  types  of   unidimensional   motion) ,  i t  has   t he  
form 
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(1.12) 

We thus   r ap id ly   ob ta in   t he   i n t eg ra l   fo rm  fo r   t he   l aw   o f   conse rva t ion   o f  
energy : 

(1.13) 

The d i f f e r e n t i a l  form  of t h e  l a w  of  conservation  of  energy  can  be  writ ten as /13 
follows 

The l a t t e r   d i f f e r e n t i a l   e q u a t i o n   c a n   b e   g r e a t l y   s i m p l i f i e d ,   i f  w e  employ 
t h e  thermodynamic equat ion 

where T i s  absolute   temperature ,  and s i s  entropy. Removing a l l  of   the   b racke ts  
i n   t h i s   d i f f e r e n t i a l   e q u a t i o n ,  making the   fo l lowing   subs t i t u t ions  

and tak ing   the   equat ion   of   d i scont inui ty   (1 .6)   in to   account  as w e l l  as the   Eu le r  
e q u a t i o n   ( l . l l ) ,  w e  ob ta in   t he   fo l lowing   s imple   d i f f e ren t i a l   equa t ion :  

(1.14) 

A t t e n t i o n   s h o u l d   b e   c a l l e d   t o   t h e   f a c t   t h a t   t h e   l e f t   p a r t   o f   t h i s   e q u a t i o n  

r ep resen t s   t he   de r iva t ive   o f  - t a k e n   i n   t h e   d i r e c t i o n   d r  = u d t .  However, t h e  

l a t te r  r e l a t i o n s h i p  is  t h e  l a w  of par t ic le   motion  for   our   substance.   Consequent-  
l y ,   equa t ion   (1 .14 )   con f i rms   t he   f ac t   t ha t   t he   en t ropy  of each par t ic le  remains 
constant .  We shou ld   po in t   ou t   t ha t   t h i s   conc lus ion  is va l id   on ly  when t h e  

ds  
d t  
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d i f f e r e n t i a l  laws of  conservation are appl icable ,  i.e., w h e r e   t h e   q u a n t i t i e s  
u, p, p, E ,  etc.  are at least continuous. It may then   be  assumed t h a t   t h e  
thermodynamic process   which  each  par t ic le   undergoes i s  r e v e r s i b l e .  The  ab- 
sence  of  thermoconductivity makes it adiaba t ic ;   therefore ,   equa t ion   (1 .14)  
shou ld   be   wr i t t en  a t  once. It must be  pointed  out   that   the   thermodynamic equa- 
t ion  given  above is app l i cab le   on ly  when the   p rocess  is r e v e r s i b l e .  

Not on ly   the   en t ropy  s is  c o n s t a n t   a l o n g   t h e   d i r e c t i o n   d r  = u dt.   Expres- 
s ion  (1 .4)  shows t h a t   t h e   q u a n t i t y  M does  not  change i n   t h i s   d i r e c t i o n .   I n  i t s  
t u r n ,   t h i s   i n d i c a t e s   t h a t   t h e   q u a n t i t i e s  M and s are r e l a t e d  by t h e   f u n c t i o n a l  
dependence 

s r= s(M) .  

This   f ac t  w i l l  p lay  a very   impor tan t   ro le  later on.  However, i t  is  advan- 
t ageous   t o  select another   quant i ty   having   the   d imens iona l i ty   o f   l ength ,   ins tead  
of M. It i s  ca l led   the   Lagrangian   coord ina te .  

L e t  p o  = po(M) be   t he   a rb i t r a ry   func t ion   o f  M having  the  dimensional i ty  of - 114 
dens i ty .  We sha l l   in t roduce   the   Lagrangian   coord ina te  R by  means of the  fol low- 
i n g   r e l a t i o n s h i p  

(1.15) 

Thus, fo r   t he   g iven   func t ion  p,(M) t h e   q u a n t i t y  R is  determined  within  an  accura- 
cy of the   cons tan t :  

I n t e g r a t i o n  may be  performed i n  any  manner. 

The q u a n t i t y  R is a func t ion  of M. Consequently, w e  have 

s = s (R).  (1.16) 

S u b s t i t u t i n g  dM from  (1.4) i n  (1.15), w e  o b t a i n   t h e   d i f f e r e n t i a l  of  the  Lagran- 
gian  coordinate  

P d R  = -t P (dr - u dt). 
BO (1.17) 

L e t  us combine a l l  of   the  main equa t ions   ob ta ined   i n   t he   p re sen t   s ec t ion .  

The e x p r e s s i o n s   f o r   t h e   t o t a l   d i f f e r e n t i a l s   o f  mass, momentum, and  energy 
[see  (1 .4) ,   (1 .8) ,   (1 .12)]   are:  
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d M =  pr*dr - pur'dt, 

d P  = purYdr - ( p u z  + p )  ry - 5 vrv-lp dr]  dl, 
c 

I 
0 

The i n t e g r a l  l a w s  of conserva t ion   [ see  (1.5), (1.10) (1.13) 1 : 
$ pr'dr - pur'dt = 0, 

$ purvdr - (pu3 + p )  r*dt = 5 vrY-lpdr  dt, 

\ 

$ p ( e  + : ) rvdr - -u [p (e  +$) + p]r'dt==O, 

The d i f f e ren t i a l   equa t ions   o f   mo t ion   [ s ee   ( l . 6 )y   (1 .11 ) ,   (1 .14 ) l :  

(1.18) 

(1.19) 

(1.20) 

We shou ld   no te   t ha t   t he   d i f f e ren t i a l s   (1 .18 )  and t h e  l a w s  of conservat ion /15 
(1.19) w i l l  appear s i m p l e r  i f  they are wr i t ten   in   Lagrangian   coord ina tes .  Ac- 
t u a l l y ,  w e  have  the  following  from (1 .17)  

rvdr = R'dR + rvu dt. (1.21) 
P 

S u b s t i t u t i n g   t h i s   i n  (1.18), we obta in  

(1.22) 

We can  transform  equations  (1.19)  in a similar manner. It is convenient   to  
u se   t hese   r e l a t ionsh ips   fo r   t r ans fo rming   t he   d i f f e ren t i a l   equa t ions   (1 .20 )   t o  
Lagrangian  coordinates.  

In   conclus ion ,  w e  would l i k e   t o   p o i n t   o u t   t h e   f o l l o w i n g .   I n   t h e  classical 
theory of d i f f e r e n t i a l   e q u a t i o n s ,   t h e  Cauchy problem is r a i s e d   f o r   d i f f e r e n t i a l  
equat ions ;   equa t ions   (1 .20)   represent   these   equat ions   in   our  case. However, as 
t h e   d e r i v a t i o n  of these   equat ions  shows, the   in tegra l   equa t ions   (1 .19)   d i rec t ly  
expressing  the  physical  l a w s  of  conservation  must  be  regarded as b a s i c   f o r   o u r  
problem. We must  formulate  the Cauchy problem f o r  them,  and  must solve t h e  
problems  immediately  arising  regarding  the  existence  and  uniqueness  of a 
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s o l u t i o n ,  etc. This   point  of view has  been  developed  only in   ve ry   r ecen t   yea r s ,  
and  no  comprehensive resu l t s   have   ye t   been   ob ta ined .  

I n   p a r t i c u l a r ,  it is  clear t h a t   i n t e g r a l   e q u a t i o n s   s u c h  as (1.19) s t i l l  do 
no t   p rov ide   fo r  a unique   so lu t ion ;   addi t iona l   condi t ions  are r e q u i s i t e .   I n   o u r  
case, such a condi t ion  i s  provided by the  second l a w  of  thermodynamics,  from 
which i t  fol lows  that   the   entropy  of   each  par t ic le   cannot   decrease.  Under t h i s  
condi t ion,  S. K. Godunov* w a s  a b l e   t o   i l l u s t r a t e   t h e   u n i q u e n e s s   o f   t h e   s o l u t i o n  
f o r   t h e  Cauchy problem  for   equa t ions   (1 .19) ,   under   cer ta in   l imi ta t ions .  

A s  a r u l e ,  w e  s h a l l  eolploy d i f f e r e n t i a l   e q u a t i o n s  of motion,  including  in- 
t eg ra l   equa t ions ,on ly   i n   t hose   ca ses  when t h e   d i f f e r e n t i a l   e q u a t i o n s  are unten- 
able  (for  example,  when i n v e s t i g a t i n g  and ca l cu la t ing   d i scon t inuous   so lu t ions ) .  

* s, K. Godunov. The Uniqueness  of a S o l u t i o n   f o r  Hydrodynamic Equations 
(0 yedinstvennosti   resheniya  uravneniy  gidrodinamiki).   Matematicheskiy 
Sbornik  Akadenii Nauk SSSX i Moskovskogo Matematicheskogo  Obshchestva, 
40 (82), NO. 4, 467-478, 1 9 5 6 .  
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2. CHARACTERISTICS. RIEMANN INVARIANTS 

We  shall  start  with  equations (1.20): 

/16 

Equation  (2.1)  contains  different  combinations  of  partial  derivatives  of 
p ,  u, p, s .  Let  us  transform  these  equations, so that  each  equation  contains 
derivatives  of  each  function in the  form  of  the  following  type  of  combination 

i.e., in the  form  of  derivatives  with  respect  to  a  certain  direction  dr = q dt, 
which  is  its  own  for  each  equation. In order  that  such  a  transformation  be 
possible,  system  (2.1)  must  be  a  hyperbolic  system,  as  is  known.  These  direc- 
tions  do  not  depend  on  the  method  of  reducing  our  system  to  this  special  form, 
and  are  called  characteristic  directions.  The  curve  on  the r, t  plane,  whose 
direction  at  each  point  coincides  with  the  characteristic  direction,  is  called 
the  characteristic  of  the  system (2.1). We  thus  obtain  three  systems  of  charac- 
teristics - with  respect  to  the  number  of  equations (2.1). In addition,  after 
each  of  the  differential  equations  is  reduced  to  the  form  given  above,  it  pro- 
vides  us  with  a  specific  differential  relationship  acting  along  the  corresponding 
characteristic. 

We  should  first  point  out  the  following. A s  is  known,  there  are  only  two 
independent  quantities  among  the  thermodynamic  quantities p ,  p, s ,  etc:  by 
selecting  any  two  thermodynamic  quantities, we can  generally  speaking  express 
any  third  one  as  a  function  of  the  first  two.  Each  such  relationship  between 
three  thermodynamic  quantities  is  called  an  equation  of  state. It is  a  thermo- 
dynamic  characteristic  of  the  substance  under  consideration. 

In particular,  the  pressure p is  a  function  of  the  density p and  the  entropy 
S: /17 

P = P (P. 4. 

Let  us  write  the  total  differential  of  this  function: 

d ~ =  Ppdp + psds. 

The  partial  derivative pp is  positive  for  all  real  substances,  and  represents 
the  square  of  the  speed  of  sound  c: 

pp = c2. 
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We thus  have 

o r ,   t ak ing   t he   t h i rd   equa t ion   (2 .1 )   i n to   accoun t ,  w e  have 

L e t  u s   s u b s t i t u t e   i n   t h e   e q u a t i o n   o f   d i s c o n t i n u i t y ,   i n s t e a d  of 

+ e , and l e t  us   then   mul t ip ly   th i s   equa t ion  by -. We o b t a i n  
C 

P 

The Euler   equa t ion   can   be   rewr i t ten   in   the   fo l lowing   form 

Combining and s u b t r a c t i n g   t h e  las t  two r e l a t i o n s h i p s ,  w e  ob ta in  

The d e r i v a t i v e s   w i t h   r e s p e c t   t o   t h e   d i r e c t i o n   d r  = (u 2 c ) d t   a r e   w i t h i n   t h e  
brackets ;   therefore ,   equat ion  (2 .2)   can  be  handled  as   fol lows.  The following re- 
l a t i o n s h i p   h o l d s   w i t h   r e s p e c t   t o   t h e   d i r e c t i o n   d r  = (u + c ) d t  

dp -4- & == - y - dt ,  
PC r 

uc 

and w i t h   r e s p e c t   t o   t h e   d i r e c t i o n   d r  = (u - c ) d t  - t h e   r e l a t i o n s h i p  

dp _- du = _- ., - &, 

PC I 

uc 

The th i rd   equa t ion  of system  (2.1)   confirms  the  fact   that ,  as w e  a l ready  know, - 118 
w e  w i l l  have   t he   fo l lowing   w i th   r e spec t   t o   t he   d i r ec t ion   d r  = u d t  

ds = 8. 

Thus ,   the   l ines  on the   p l ane  r ,  t a re   de f ined  by the   equa t ions   d r  = (u 5 
- + c ) d t  and d r  = u d t ,  wh ich   r ep resen t   cha rac t e r i s t i c s  of system  (2.1). L e t  u s  
write the i r   equa t ions   one  more t i m e :  
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d r = ( u + c ) d t ,  
PC 

d r = ( u - c ) d f ,   * - d u = -  
PC 

dr = u dt.  dq = 0. I 
The  first  two  equations  contain  the  differentials  of p and u. It is  much 

more  convenient  to  deal  with  relationships  which  include  the  differentials  of 
entropy s and  any  other  quantity.  It  is  possible  to  transform  equation (2 .3 )  
to  this form, if we introduce  the  so-called  Riemann  invariants. 

Generally  speaking,  the  expression dlL is  not  a  total  differential, 

since  the  quantity PC depends  not  only  on  pressure p, but  also on entropy s, 
for  example.  However,  by  adding  an  expression  such  as M ds*  to &?- as  a  result 

we obtain  the  total  differential of a  certain  new  thermodynamic  quantity 
This  may  be  done  as  follows. 

PC 

PC 

Let  us  determine  the  chermodynamic  quantity Q by  means of the  relationship 

dm = *+ M ds, 
PC ( 2 . 4 )  

where M is  a  certain  thermodynamic  quantity. A solution  of  the  following  equa- 
tion  is  sufficient for determining Q: 

a@ 1 

aP PC 

" " 

assuming  that p and s are  independent  variables.  Thus, Q is  determined  within  an 
accuracy  of  an  arbitrary  function. 

By  substituting pdp from ( 2 . 4 )  in  the  first  two  equations (2.3), we obtain 
C 

The  quantities 

are  called  Riemann  invariants.  Equations ( 2 . 3 )  assume  the  following  form /19 

* 
Naturally, M must  not  be  confused  with  the  mass  investigated in section 1. 
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d r = ( U + C ) d t ,   d A = - v E d t + M d s ;  
r t 

dr=(u-c)dt,   dB=-v!!fdt+MrXs; 
r 

dr = u dt, ds = 8. 

One d is t inguish ing   fea ture   o f   equa t ions  (2.5) l ies i n  t h e   f a c t   t h a t   t h e  
r e l a t i o n s h i p   a l o n g   t h e   c h a r a c t e r i s t i c   i n c l u d e s ,   o n   t h e   o n e   h a n d ,   d i f f e r e n t i a l s  
of A, B y  s, which w e  may regard as the   des i red   func t ionsand,   on   the   o ther   hand ,  
t h e   d i f f e r e n t i a l s  of   the  coordinates  t ,  r ( i t  can   be   r ead i ly   s een   t ha t   t he  
d i f f e r e n t i a l   d s   c a n   b e   e x p r e s s e d  by t h e   c o o r d i n a t e   d i f f e r e n t i a l ) .   T h i s   f a c i l i -  
tates the   change   to  Riemann i n v a r i a n t s .  

As w a s  a l r e a d y   i n d i c a t e d ,   t h e   d e f i n i t i o n   o f  @, as w e l l  as t h e  Riemann in- 
v a r i a n t s ,  i s  v e r y   a r b i t r a r y .   T h e i r   s p e c i f i c   s e l e c t i o n  i s  d i c t a t e d  by p r a c t i c a l  
cons idera t ions  - from t h i s   p o i n t  on w e  s h a l l   v e r i f y  the f a c t   t h a t  Q i s  s e l e c t e d  
so t h a t   t h e   q u a n t i t y  c i s  expressed  most  simply by @ and s. 

I f  Q is s e l e c t e d  so t h a t  Q = 0 i n   t h e  case of p = 0 ,  t h i s   q u a n t i t y  w i l l  
have a simple  physical  meaning. L e t  us  imagine a c e r t a i n  volume  of  substance, 
i n   a n   e q u i l i b r i u m  s ta te ,  contained  between  sol id  walls, and  surrounded  by empty 
space.  If t h e s e  walls are suddenly removed a t  any time, the   subs tance  w i l l  be- 
g i n   t o  scatter i n t o   t h e   v o i d .  A s  w i l l  be   seen a t  a la ter  p o i n t ,  i t s  leading 
boundary w i l l  move a t  a v e l o c i t y  of u = @. 
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3. BASES OF THE METHOD 

Let  us  introduce  the  following  notation: 

a = u + c ,  
p = u - c .  
F =  - v - - .  uc 

r 

Then  the  equations  of  characteristics (2.5) can  be  written  in  the  following 
form 

dr = a d t ,   d A  = Fdt + M d s ;  

dr = pdt ,   dB = Fdt + M d s ;  

h = udt ,   ds  = 0 .  I (3.1) 

We  shall  call  the  characteristics of the  first  set  a-characteristics,  of  the 
second  set - 6-characteristics, and we shall  call  the  characteristics  of  the 
third  set  trajectories. 

We  shall  introduce  the  Lagrangian  coordinate R by  means  of  the  relation- 
ship  (1.17) 

R'dR = rv (dr - u dt) .  
Po ( 3 . 2 )  

Here po  is  an  arbitrary  function  of R, generally  speaking. In the  majority  of 
cases,  it  is  most  convenient  to  set  the  following at a  certain  initial  moment  of 
time t = to: 

Po = P. 

We  can  assume R = r  at  this  moment,  and  the  Lagrangian  coordinate  will  have 
the  generally  accepted  physical  meaning  of  the  spatial  coordinate of a  given 
particle,  which  it  had  at  the  initial  moment  t = to. We  shall  designate  by 
6 .  PO 

The  relationship  dr = (u & c)dt or dr - u  dt = +c dt holdsalong  the  charac- 
teristics.  Substituting  this  in (3.2), we  obtain 

Let  us  set 
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We then  have 

The s i g n  <<+ B p e r t a i n s   t o   a - c h a r a c t e r i s t i c s ,   a n d  the s i g n  <<- >> p e r t a i n s  
to   B-cha rac t e r i s t i c s .  

The entropy s i s  a f u n c t i o n  of R. We s h o u l d   f i r s t   n o t e   t h a t  a l l  of t h e  
subsequent  conclusions are abso lu te ly   i ndependen t   o f   t he   f ac t   t ha t  s is  entropy 
i n   t h e  same sense  as i t  is  used i n  thermodynamics. We may use  any  function of 
i t ,  ins tead   of  s. Therefore ,  w e  s h a l l  c a l l  s an  "entropy  quantity' '   below. 

We s h a l l  assume t h a t   t h e   f u n c t i o n  s ( R )  is  given. 

L e t  us  assume t h a t  w e  know t h e   s o l u t i o n  of system  (2.1) i n  a ce r t a in   r eg ion  
of   the  plane r ,  t ,  i . e . ,  the   func t ions   o f  p ,  u,  p, s are g iven   which   sa t i s fy  
equat ions ( 2 . 1 )  and the  equat ion  of  s ta te  of   the  given  substance.  We s h a l l  
assume t h a t   t h e s e   f u n c t i o n s   a r e  twice d i f f e ren t i ab le   con t inuous ly .  

L e t  us  examine two points   which are r a t h e r   c l o s e  on the   p l ane  r ,  t ,  and 
l e t  us   des igna te  them by  the numbers 1 and 2. The number 3 des igna te s   t he   po in t  
lying  on t h e   i n t e r s e c t i o n  of   the   a -charac te r i s t ic   pass ing   th rough  the   po in t  1, 
and the   8 -cha rac t e r i s t i c   l ead ing  away from  point 2 (Figure 6 ) .  A t  t h e s e   p o i n t s  
a l l  o f   t h e   q u a n t i t i e s  (u,  p,  p ,  s ,  a, B ,  e t c . )  w i l l  be   designated by the   co r re s -  
ponding  numbers. 

Our problem now consis ts   of   searching  for   the  approximate  formulas   connect-  
i n g   t h e   q u a n t i t i e s  a t  t h e   p o i n t  3 w i t h   t h e i r   v a l u e s  a t  t h e   p o i n t s 1  and  2. I f  w e  
know p o i n t s  1 and 2 ( i .e . ,  a l l  of t h e   q u a n t i t i e s  a t  them),  these  formulas  enable 
u s   t o  compute p o i n t  3 .  L e t  us employ a method  which is  similar t o   t h e  well-known 
Euler  method which may be  used in   numer i ca l   i n t eg ra t ion   o f   cus tomary   d i f f e ren t i a l  
equat ions.  

The f o l l o w i n g   r e l a t i o n s h i p   h o l d s   a l o n g   t h e   a - c h a r a c t e r i s t i c :  /22 

dr = a d t .  
L e t  us now replace t h e   v a r i a b l e  a by  the   cons tan t  "1. We obtain  the  approximate 
equat ion 

dr = ctl dt,  

from  which i t  fo l lows   t ha t  

The second  approximate  equation may b e   w r i t t e n   i n   e x a c t l y   t h e  same way 

L e t  us employ the  approximate  formulas (3 .4 )  and (3 .5 )  t o  compute t h e  
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Figure 6 

coordinates  of 
o b t a i n  

and  by knowing 

Thus,  the 
of accuracy).  

po in t  3 .  Excluding  the  quant i ty  r 3  from  these  formulas,  w e  

t 3  we can  compute r 3  b y   e i t h e r  of the  formulas  ( 3 . 4 )   ( 3 . 5 ) .  

coordinates  of po in t  3 have  been computed (with a ce r t a in   deg ree  
L e t  us now t u r n   t o   e q u a t i o n  ( 3 . 3 ) .  I n   a b s o l u t e l y   t h e  same manner 

as above, w e  can write the  approximate  equations 

Any of  them enables   us   to   ob ta in   the   approximate   va lue  of R3.  Not having  deter-  
mined  which  of these   equat ions  w e  should  use,  w e  sha l l   use   any   of  them. Since 
by d e f i n i t i o n  w e  know the  funct ional   dependence s = s ( R ) ,  i t  is p o s s i b l e   f o r   u s  
t o  compute s 3 :  

ss = s (%). ( 3 . 8 )  

L e t  u s  now t u r n   t o   e q u a t i o n  ( 3 . 1 ) .  By r e p l a c i n g   t h e   d i f f e r e n t i a l s   w i t h  
t h e   f i n i t e   r e m a i n d e r s   i n   t h e   r e l a t i o n s h i p s   f o r   t h e   c h a r a c t e r i s t i c s ,   j u s t   a s  
p rev ious ly ,   and   t he   coe f f i c i en t swi th the   quan t i t i e s   f rom  po in t s  1 and 2 corres-  
ponding t o  them, w e  o b t a i n  two approximate  formulas 
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from  which we can  calculate A3 and B3. 

However,  since  A = Q, + u, B = Q, - u, we then  have 
cp= - A + B  , . u = -  A - B  

2 .  

In particular, 

- I 2 3  

(3.10) 

By  knowing Q,3 and s 3 ,  we may  compute  any  thermodynamic  quantity.  Thus,  point 
3 has  been  computed. 

a,, = - 01 + as 
2 '  

where 133 is the  quantity a at  point  3  obtained  as  a  result  of  the  computation 
performed.  Just  as  in  formula  (3.5), we substitute  the  following  instead  of 
82 

The  new,  approximate  formulas  which  have  been  obtained  along  with  formula (3.6), 
which  has  been  changed,  provide  us  with  new,  more  accurate  values  for  the 
coordinates  of  point  3. 

Substituting  the  quantities R 1 '  and R2'  in  formulas  (3.7) by 

we can  define  the  value  of R3 more  precisely,  and  consequently  that  of 53. 
Finally,  a  similar  replacement  of  the  coefficients in formulas (3.9)  provides 
us  with  more  accurate  values  of A3 and  B3. 

We  shall  show  in  the  subsequent  section  that  the  formulas  for  the  first 
approximation  have  residual  terms  on  the  order  of h2 (h - a  step,  i.e.,  the 
distance  between  points 1 and 2), and  that  the  "recalculation"  formulas  have  re- 
sidual  terms  on  the  order  of h3.  Thus,  the  recalculation  increases  the  accuracy 
by  one  order  of  magnitude. 

It  should  be  possible  to  make  a  second  recalculation  by  replacing  the 
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q u a n t i t i e s   a 3 ,  @ 3 ,  etc. i n  t h e   c o e f f i c i e n t s  of the  approximate  formulas by 
the i r   va lues   ob ta ined  as a r e s u l t  o f   the   reca lcu la t ion   jus t   per formed.  It can 
be shown, however, tha t   such  a second  reca lcu la t ion   (as  w e l l  as a t h i r d   r e c a l -  
c u l a t i o n ,  and a l l  subsequent   reca lcu la t ions)   does   no t   increase   the   o rder   o f  
magnitude of t h e   r e s i d u a l  terms. /24 

We must now make c e r t a i n   d e f i n i t i o n s .  L e t  us  set  t h e   q u a n t i t i e s  a and 
#3 a t  a c e r t a i n   p o i n t  on t h e  r ,  t plane.  The d i r e c t i o n  a t  t h i s   p o i n t  i s  then 
c a l l e d   t h e   t i m e l i k e   d i r e c t i o n ,  i f   t he   doub le   i nequa l i ty   ho lds   a long  it  

( s i n c e  c > 0,  then @ < a a lways ) .   I f   one   o f   t he   i nequa l i t i e s  i s  f u l f i l l e d   i n  
a g i v e n   d i r e c t i o n  

t h e n   t h e   d i r e c t i o n  i s  c a l l e d  a s p a c e l i k e   d i r e c t i o n   ( t h e   d i r e c t i o n   d t  = 0 
be longs   to   the  number of s p a c e l i k e   d i r e c t i o n s ) .   I f  

t hen   t he   d i r ec t ion  i s  c a l l e d   t h e   c h a r a c t e r i s t i c   d i r e c t i o n .  

The na ture   o f   the   g iven   d i rec t ion ,   whether  i t  is t ime l ike   o r   space l ike ,  
i s  determined by i t s  l o c a t i o n  a t  one  of t he   fou r   s ec t ions   o f   t he   p l ane ,  on 
which i t  i s  marked of f  by the   cha rac t e r i s t i c s   pas s ing   t h rough   t he   g iven   po in t .  
Thus, i n   F i g u r e  7 t h e   d i r e c t i o n  1-2 is t imel ike ,  and d i r e c t i o n  1-3 i s  space l ike .  

The l i n e  on t h e  r ,  t plane i s  ca l led   t imel ike   o r   space l ike   depending  on /25 
which d i r e c t i o n  i t  has   a t   each   po in t .  The fo l lowing   graphic   c r i te r ion  may be 
employed t o   i l l u s t r a t e   t h i s .  L e t  us draw t h e  a and B c h a r a c t e r i s t i c s  "upward" 
from a c e r t a i n   p o i n t  on t h e   g i v e n   l i n e ,  i . e . ,  toward  an  increase  in  t .  I f   t hey  
a r e   b o t h   l o c a t e d   t o   o n e   s i d e  of t h e   l i n e   u n d e r   c o n s i d e r a t i o n ,   t h e n   a t   t h i s   p o i n t  
i t  is s p a c e l i k e   ( l i n e  AA, Figure 8 ) .  I f   t h e s e   c h a r a c t e r i s t i c s  l i e  a t  d i f f e r e n t  
s i d e s  of o u r   l i n e   ( l i n e  BB), t h e n   t h i s   l i n e  i s  t imel ike .  

L e t  us  now set  t h e   l i n e  AB, a t  each  point   of .   which  the  quant i t ies  r ,  t ,  u ,  
p ,  s a re   i nd ica t ed   (o r   any   o the r   t o t a l  set of q u a n t i t i e s ) .   I n   a d d i t i o n ,  l e t  
t h i s   l i n e   b e   s p a c e l i k e .  L e t  u s   d iv ide  i t  by a series o f   po in t s   i n to   ve ry  small 
sect ions.   For   each  pair   of   adjacent   points ,  w e  s h a l l   c a l c u l a t e  a new poin t  by 
means  of the  process  described  above. A new series i s  thus  obtained,   containing 
one  point less. It c a n   b e   r e a d i l y   s e e n   t h a t  a l i n e  combining   po in ts   in   th i s  
new series w i l l  again  be  spacel ike.  By r epea t ing   t h i s   p rocess ,  w e  o b t a i n  a new 
series and s o  o n ,   u n t i l  w e  a r r i v e  a t  a series cons is t ing   o f   one   s ing le   po in t  
(Figure 9 ) .  We may determine  the Cauchy problem  solut ion  for   the  system  (2.1)  
w i th in   t he   cu rved   t r i ang le   de f ined  by t h e   l i n e   f o r   t h e   i n i t i a l   d a t a  AB, by t h e  
a-characterist ic  emanating  from  point A ,  and  by the   @-charac te r i s t ic   emanat ing  
from  point B. Th i s   t r i ang le   r ep resen t s   t he   r eg ion  of i n f l u e n c e   f o r   t h e  AB l i n e ,  

23 

I 



D 
r 

Figure 7 

more c o r r e c t l y ,  i t  i s  the  approximate  expression of t h i s   r eg ion .  It follows 
from the  general   theorems on hyperbol ic   equa t ions   tha t  i t  c o v e r s   t h e   r e g i o n   i n  
which t h e  Cauchy problem may b e   s o l v e d   w i t h   t h e   i n i t i a l   d a t a   l o c a t e d  on t h e  AB 
sec t ion .  

Up t o   t h i s   p o i n t ,  we have assumed t h a t  w e  are "producing' '   the  characteris-  
t i c s  "upward"  by computing two po in t s   w i th  a t h i r d ,  i . e . ,  i n   t h e   d i r e c t i o n  of 
a n   i n c r e a s e   i n  t .  From the   phys i ca l   po in t  of v i ew,   t h i s  is t h e  most reasonable.  
However, nothing i s  preventing  us  from  proceeding  in  just   the  opposite  manner,  
i . e . ,  f rom  "producing ' '   the   character is t ic  "downward''. We may then  formulate 
t h e   s o l u t i o n   i n   a n o t h e r   t r i a n g l e  which has   t he  same base AB and an  apex  which 
l i e s  below t h i s   l i n e .  We must r e s o r t   t o   t h i s   t y p e  of  computation a t  times, 
although  the  computation i s  performed  "from the  bottom upward", as a r u l e .  /26 

We must f r equen t ly   so lve   p rob lems   i n   wh ich   t he   l i ne   fo r   t he   i n i t i a l  
d a t a   i n c l u d e s   t h e   s e c t i o n s   o f   t h e   c h a r a c t e r i s t i c s .  A s  compared with  the  pro- 
cess described  above,  they do not   present   any new fac to r s .   F igu re   10   p re sen t s  
examples  of t h e   g r i d s  of cha rac t e r i s t i c s   t hus   ob ta ined .  The problem i n  which 
t h e   i n i t i a l   d a t a  are loca ted  on two c h a r a c t e r i s t i c s   ( t h e   l e f t   g r i d   i n   F i g u r e  
10) i s  sometimes  called  the  Foursat  problem,  and is  even more typ ica l   t han   t he  
c l a s s i c a l  Cauchy problem f o r   t h e  method p r e s e n t e d ,   w i t h   t h e   i n i t i a l   d a t a   o n  
t h e   s p a c e l i k e   l i n e .  The order  of magni tude   for   the   so lu t ion   of   th i s   p roblem - 
and a l so ,   for   example ,  a problem  such as t h a t  whose g r i d  i s  shown a t  t h e   r i g h t  
i n   F igu re   10  - i s  a b s o l u t e l y   c l e a r ,  and w e  s h a l l   n o t   d i s c u s s  i t .  

The case when t h e   l i n e  of i n i t i a l   d a t a  i s  t imelike  does  not  have a phys ica l  
meaning, as a r u l e .  We s h a l l   n o t   i n v e s t i g a t e  i t  here .  

Boundarx  conditions,  the  most  important  of  which w i l l  be  investigated  below, 
are assigned on t h e   t i m e l i k e   l i n e s .  
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0 I ” b _. 

Figure 8 

The  method  presented  in  this  section  is  based  on  numerical  integration  of 
relationships (3.1), i.e.,  on  integration  of  the  Riemann  invariants  along  the 
corresponding  characteristics,  in  essence.  However,  this  method  is  not  obliga- 
tory - it  would  be  possible  to  integrate  equations (2.3) directly  or  to  trans- 
form  them  into  any  other  form.  Actually,  the  method  of  integrating  the  Riemann 
invariants  is  not  the  most  advantageous  one  in  every  case. 

The  analytic  nature  of  the  solution  for  equation ( 2 . 4 )  is  entirely  deter- 
mined  by  the  equation  of  state  for  the  substance  under  consideration.  Equa- 
tions  of  state  may  be  pointed  out,  for  which @ depends  on  c  and s in  such  a 
complex  manner  that  the  introduction  of  Riemann  invariants  loses all practical 
meaning. It is  true  that  all  of  those  equations  of  state  which we shall  deal /27 
with  from  this  point  on  postulate  the  introduction  of  Riemann  invariants  (see 
section 5). However,  the  stipulation  just  presented  must  be  always  kept  in 
mind  when  dealing  with  any  other  substance. 

On  the  other  hand,  in  every  case  when  the  equation  of  state  permits  it, 
it  is  recommended  that  the  computation  be perfomed in  Riemann  invariants. 
It is  impossible  to  manage  without  them  when  computing  expansion  waves  (section 8, 
12). In the  case cf a  flat,  isentropic  problem (J = 0 ,  s = const),  equations 
(3.1) yield  dA = 0 along  the  a-characteristics,  and dB = 0 along  the  B-charac- 
teristics.  The  advantages  of  computing in Riemann  invariants  are  indisputable 
here.  If  the  entropy  is  not  constant,  but  charges  rather  slowly,  then  the 
Riemann  invariants  will  also  change  along  the  characteristics  comparatively 
slowly,  and  their  numerical  integration  will  entail  a  comparatively  small 
amount  of  error. 

Based  on  these  considerations,  the  rest of the  discussion  will  be  based 
on Riemann  invariants,  with  very  rare  exceptions(see,  for  example,  section lo). 
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4 .  OSDER OF ACCURACY.  SELECTION OF STEP. /28 

We  shall  not  derive  the  residual  terms  for  the  formulas  of  the  preceding 
section;  these  terms  are  of  no  great  practical  importance.  We  shall  confine 
ourselves  to  determining  the  order  of  accuracy  of  the  formulas. 

Just  as  previously, we shall  assume  that  the  quantities a, 8 ,  etc.  in 
the  region  under  consideration  are  functions  which  are  differentiable  (and, 
consequently,  limited)  twice  continuously  of  the  variables r, t. We  shall 
assume  that  c  is  everywhere  different  from  zero,  and  that  the  line  connecting 
points 1 and 2 (see  Figure 6 )  is  a  spacelike  line.  The  differences  t3 - tl 
and  t3 - t2 will  be  quantities  on  the  order  of h; the  distances  between  points 
1 and 2 have  the  same  order  of  magnitude. 

We  have  dr = cx dt along  the  a-characteristic;  consequently 

where a' is  a  derivative  of - along  the  characteristic  taken  at  a  certain  in- 
termediate  point.  Consequently,  we  have 

da 
dt 

r3 - ra = aI ( t3  - t l )  f ah2, 

where  a  is  a  finite  quantity.  Similarly, we have 

Excluding r3, we obtain 

alll  - P2t2  + r2 - rl 6 - a t3 ;= - -~ +. - 
a1 - B2 a1 - Bs hZ . 

The  denominator  equals  (cl + c2) + (ul - u2)  in  the  second  term  of  the  part  on 
the  right  side,  and  in  view  of  c > 0 it  can  be  assumed  to be different  from 
zero.  This  term  is  entirely  on  the  order  of  h2.  Returning  to  formula ( 3 . 6 ) ,  
we note  that  the  first  term  in  the  part  on  the  right  side  is  an  approximate 
value  of t3; let  us  designate  it  by  t3*. In addition, we have 

It  directly  follows  that  the  approximate  values of the  coordinates  for /29 
point 3 ,  determined  by  formulas ( 3 . 4 )  - ( 3 . 6 )  , differ  from  the  real  values  by 
an  amount  on  the  order  of  h2.  A  similar  result  is  obtained  for R3 

We  can  determine 5 3  on the  basis  of  the  functional  dependence s = s ( R ) .  
In practice,  the  case  when  this  dependence  is  defined  analytically  must be 
regarded  as  comparatively  rare.  If  the  function s ( R )  has  no  distinctive  fea- 
tures,  then  the  orders  of  accuracy  of s and R will  coincide. 
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Most f requent ly ,   however ,   th i s   func t ion  i s  g i v e n   i n   t h e  form of a 
t a b l e ,  from  which s3 i s  obta ined   by   in te rpola t ion .  L e t  us assume t h a t  a 
s t e p  i n   t h i s   t a b l e  i s  on t h e   o r d e r  of h;   f rom  this   point   on,  w e  s h a l l  assume 
tha t   t h i s   a s sumpt ion  is f u l l y   v a l i d .  The interpolat ion  formulas   must   be 
s e l e c t e d  s o  as n o t   t o   d e c r e a s e   t h e   o r d e r  of accuracy of t h e   q u a n t i t i e s   t o   b e  
computed. It i s  known t h a t  a l i nea r   i n t e rpo la t ion   fo rmula   has  a r e s i d u a l  
term on the   o rder   o f   h2 ,  and a quadra t ic  term on t h e   o r d e r  of h3. It thus  
f o l l o w s   t h a t   f o r   t h e   f i r s t   a p p r o x i m a t i o n   l i n e a r   i n t e r p o l a t i o n  is  s u f f i c i e n t  
f o r  computing 5 3 .  Quadra t i c   i n t e rpo la t ion  i s  r e q u i s i t e   i n  a r e c a l c u l a t i o n .  

I n  any case, s3 is ob ta ined   i n   t he   f i r s t   app rox ima t ion   w i th  a r e s i d u a l  
term  on  the  order  of  h2.  It can   be   readi ly   seen   tha t   formulas  ( 3 . 9 )  y i e l d   a n  
e r r o r  on the   o rder   o f   h2   for  A3 and B3 .  

I n   o r d e r   t o  make a r e c a l c u l a t i o n ,  i t  is  necessa ry   t o  compute a 3 ,  6 3 ,  R g ' ,  
F3,  M3. They may b e  computed  by  means  of s 3 ,  A 3 ,  B j ,  t g ,  r j ,  i . e . ,  .they are 
func t ions   o f   these   f ive   var iab les .   I f   these   func t iona l   dependences   have  no 
s p e c i a l   f e a t u r e s ,   t h e n  a 3 ,  6 3 ,  R j ' ,  F3,  M3 may be   ob ta ined   wi th   the  same degree 
of accuracy. 

L e t  us now i n v e s t i g a t e   t h e   r e c a l c u l a t i o n   p r o c e s s .  On t h e   b a s i s  of the  
quadratic  formula of a t rapezoid ,  w e  may w r i t e  

where a" i s  the   second  der iva t ive  of 7 a l o n g   t h e   c h a r a c t e r i s t i c   t a k e n   a t  a d2a 
d t  

c e r t a i n   i n t e r m e d i a t e   p o i n t .  The q u a n t i t y  a3 which i s  i n c l u d e d   i n   t h e   f i r s t  
t e rm  on   the   r igh t   s ide  i s  the  exact   value  of  c1 a t  p o i n t  3 .  We know i ts  approxi- 
mate  value 0.3" which d i f f e r s  from the   p rec i se   va lue   by  a quant i ty  on the   o rde r  
of h2: 

where f is a f i n i t e   q u a n t i t y .  We thus  have 

o r ,   s i n c e  t 3  - t l  - h ,  

a1 4- a: r , - r - -  !" (ts - tl) + mh3. 2 

Simi lar ly ,  w e  have 

/30 

By repea t ing  a l l  of the  previous  procedures ,  w e  f i nd   t ha t   each   quan t i ty  a t  poin t  
3 w i l l  d i f f e r  from i t s  exact   value by a res idua l   t e rm on the   o rder  of h3 , a s   t h e  
r e s u l t  of t h e   r e c a l c u l a t i o n .   I n   p a r t i c u l a r ,  i t  fo l lows   t ha t   t he   r eca l cu la t ion  
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q u a n t i t y  - i .e. ,  the  difference  between  the  second and f i r s t   app rox ima t ions  - 
is on the  order   of   h2.  

These  estimates are p u r e l y   l o c a l   i n   n a t u r e .   T h u s ,   i f  w e  r e t u r n   a g a i n   t o  
Firgure 9 and assume t h a t   t h e   i n i t i a l   d a t a  o n   t h e   l i n e  AB are def ined   absolu te ly  
p r e c i s e l y ,  w e  f i n d   t h a t   t h e   d a s h e d   l i n e   c l o s e s t   t o  i t  w i l l  b e  computed with  an 
e r r o r  on the   o rder   o f   h3 .   This  means t h a t   i f  w e  d i v i d e   t h e  AB s e c t i o n   i n t o  
areas which are twice as small, t h e   e r r o r  of t h e   q u a n t i t i e s  on t h e   c l o s e s t  
l i n e   d e c r e a s e s  by a f a c t o r  of  approximately 8. T h i s   l i n e  w i l l  not   coincide 
w i t h   t h e   o l d   l i n e ;  i t  w i l l  b e  twice as c l o s e   t o   t h e   l i n e  AB. 

I f  w e  a r e   i n t e r e s t e d   i n   t h e   e r r o r  a t  a c e r t a i n   f i x e d   p o i n t   i n   t h e   p l a n e  
r ,  t - for  example,  a t  the   po in t  C (Figure 9) - t h e   s i t u a t i o n  w i l l  b e  somewhat 
d i f f e r e n t .   I f   p o i n t  C i s  l o c a t e d   ( w i t h   t h e   g i v e n   d i v i s i o n )   a t  a d i s t a n c e  of 
m s t e p s   f r o m   t h e   l i n e  AB, then  -- i n  round  numbers -- t h e   e r r o r  a t  
t h i s   p o i n t  w i l l  b e  m t i m e s  g r e a t e r   t h a n   t h e   e r r o r   a t   t h e   p o i n t s   c l o s e s t   t o   t h e  
l i n e  AB. With a d e c r e a s e   i n   t h e   s t e p   h ,   t h e   e r r o r  a t  t h e   c l o s e s t   p o i n t s  de- 
c reases   p ropor t iona l ly   t o   h3 ,   bu t   t he  number of s t e p s  up t o   t h e   p o i n t  C in- 

c r eases   p ropor t iona l ly   t o  -, s o  t h a t   f i n a l l y   t h e   e r r o r  a t  poin t  C decreases  

p ropor t iona l ly   t o  h2 .  Thus ,   the   e r ror  a t  a f ixed  point  on the   p l ane  is  on t h e  
order  of h2.  

1 
h 

T h i s   e n t i r e   l i n e  of reasoning  regarding  the  order  of accuracy s t i l l  does 
no t   p rov ide   u s   w i th   t he   s l i gh te s t  i d e a  o f   t he   ac tua l   e r ro r  of the  computational 
r e s u l t s .  We s h a l l   b e g i n   t h e   i n v e s t i g a t i o n  of t h i s  problem  by  determining  what 
advantage   the   comple te   express ions   for   the   res idua l  terms might  have  for  us 
( i f  w e  knew them). I n   t h i s   c o n n e c t i o n ,  w e  would l i k e   t o  make a small digres-  
s ion .  

By way of  an  example, l e t  us  examine any quadratic  formula - f o r  example, 
the  formula of a t rapezoid :  

the  second term on t h e   r i g h t  i s  a r e s i d u a l  term; the   second  der iva t ive   f "   131  
must be   t aken   a t  a ce r t a in   i n t e rmed ia t e   po in t   wh ich  was previously unknown. 
How  may w e  employ a r e s i d u a l  term t o   e s t i m a t e   t h e   e r r o r   i n   t h e   f o r m u l a ?  

I f   t h e   e x a c t   a n a l y t i c a l   e x p r e s s i o n   f o r   t h e   f u n c t i o n   f ( x )  i s  known, such an 
e s t i m a t e   d o e s   n o t   e n t a i l   a n y   p a r t i c u l a r   d i f f i c u l t y .  By d i f f e r e n t i a t i n g   t h e  
func t ion  of f twice and f ind ing   t he  maximum and minimum values  of the  second 
d e r i v a t i v e  of f "   i n   t he   (xg ,   x i )   s egmen t ,  w e  may e s t ab l i sh   t he   uppe r  and  lower 
boundaries of t h e   r e s i d u a l  term. But how  may t h i s   b e ,   i f  w e  do not  know t h e  
a n a l y t i c a l  form  of   the  funct ion of f ( fo r   example ,   i f   t h i s   func t ion  i s  given 
by t h e   t a b l e )  ? 

Several  handbooks  on  numerical  analysis recommend tha t   t he   h ighe r   de r iva -  
t i v e s   i n c l u d e d   i n   t h e   r e s i d u a l  term be   es t imated  by  means  of s u i t a b l e   d i f f e r e n c e  
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formulas i n   t h i s  case. For example, i n   o u r  case w e  may employ the  approxi-  
mate equat ion 

Using th i s   fo rmula   t o   de t e rmine   t he   s econd   de r iva t ive ,  w e  may thus estimate 
t h e   r e s i d u a l  term. 

If we subst i tute   the  approximate  formula  given  above  for   the  second  der iva-  
t i v e   i n   t h e   r e s i d u a l  term of the  t rapezoid  formula,  w e  arrive a t   t h e   f o l l o w i n g  
f o r m u l a   a f t e r   s e v e r a l   s i m p l i f i c a t i o n s :  

which i n  i ts  t u r n   r e p r e s e n t s  a cer ta in   quadrat ic   formula.   Thus,   the   a t tempt  
to   de t e rmine   t he   r e s idua l  term by  means  of a difference  formula  has  l e d  u s  
simply t o  a c a l c u l a t i o n  of t h e  same i n t e g r a l  by means of  another,  more p r e c i s e ,  
quadratic  formula.  The la t te r  formula  has i t s  own re s idua l   t e rm,  and t h e  en- 
t i re  ques t ion   of   de te rmining   the   e r ror   s imply   e ludes   us   even   more ,  and has  by 
no  means been  solved. 

It does  not   fol low  f rom  this ,   however ,   that   such a method  of  determining 
t h e   e r r o r   h a s  no value.  On the  other   hand,  a comparison  of   the  resul ts  ob- 
ta ined  by two d i f f e ren t   fo rmulas   p re sen t s  a very  s t rong  argument   in   favor  of 
t h e   f a c t   t h a t   t h e   c a l c u l a t i o n  was qu i t e   accu ra t e .  We need   on ly   no te   tha t   th i s  
method cannot  be  regarded as comple t e ly   f au l t l e s s .  

I n   a d d i t i o n ,   t h e r e  i s  no p o i n t   i n  employing  only  the  formulas  which are 
obtained by de te rmin ing   t he   de r iva t ives   i nc luded   i n   t he   r e s idua l  terms, i n  
order   to   have  such  control .  We may employ another  formula  with  the same success ,  
o n l y   i f  i t s  order  of accuracy i s  g rea t e r   t han   t he   o rde r  of accuracy of t h e  
"working"  formula.  For  example, i n   o r d e r   t o   c o n t r o l   t h e   a c c u r a c y   o f   t h e   t r a p e -  
zoid  formula, w e  may employ a quadrat ic   formula  such as the  fol lowing:  /32 

*I 5 f d x  = - (-- f-1+ 1 3 f o  + 13f, - fa). 
h 

24 
x. 

It is  ev iden t   t ha t  w e  may apply  such a method fo r   de t e rmin ing   t he   e r ro r   t o  
t he   p rocess   desc r ibed   i n   t he   p reced ing   s ec t ion .   Fo r   t h i s   pu rpose ,  i t  is advan- 
tageous   to  employ a quadratic  formula  compiled on t h e   b a s i s  of three  non-equi- 
d i s t a n t   p o i n t s ,  which w a s  pointed  out by D. Yu. Panov . We s h a l l   p r e s e n t  i t  
i n  a somewhat d i f f e r e n t  form. 

* 

L e t  t h e   v a l u e s   f o ,   f l y  and   f2   o f   t he   func t ion   f (x )   fo r   t he   t h ree   va lues  

" - 
* 

Transact ions  of   the  V.A. S tek lov   Mathemat ica l   Ins t i tu te  (Trudy  Matematich- 
cskogo I n s t i t u t a   i m e n i  V.A. Steklova) .  Vol. 38, 1951. 
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Figure 11 

It can   be   readi ly   seen   tha t   fo*  is t h e   r e s u l t  of l i n e a r   e x t r a p o l a t i o n  of t h e  
f u n c t i o n   f ( x ) t o   t h e   v a l u e  x us ing   t he   po in t s  X I ,  x2 .   In   exac t ly   t he  same 
way, f 2* i s  t h e   r e s u l t  of tge same ext rapola t ion  t o  x2 us ing   the   po in ts   xo ,  
x i .  L e t  us  now i n t e g r a t e   t h e   f u n c t i o n  f (x)  over  the (x ,x2)  interval-   according 
to   t he   t r apezo id   fo rmula ,   t ak ing   fo , f2 ;   fo* , f2 ;  f , f 2 *   I n   t u r n   a s  i t s  val-ue 
a t   t h e  end  of t h e   i n t e r v a l :  

0 
0 

f1 = (x ,  - xo) - t o  + f 2  

2 '  

The quadrat ic   formula  has   the form 

L e t  t h e   p o i n t s  4 ,  5, 6 (Figure  11)  be now c a l c u l a t e d  from p o i n t s  1,2, and 3 .  
We can   de te rmine   the   e r ror   a t   po in t  6 by i n t e g r a t i n g   t h e   r e l a t i o n s h i p s   a l o n g  
t h e   a - c h a r a c t e r i s t i c   w i t h   r e s p e c t   t o   p o i n t s  1, 4 ,  6,  and t h e   r e l a t i o n s h i p s   a l o n g  
t h e   & c h a r a c t e r i s t i c   w i t h   r e s p e c t  t o  p o i n t s  3,  5 ,  6. The divergence  between  the 
r e su l t s   ob ta ined   w i th   t he   fo rmulas   i n   t he   p reced ing   s ec t ion  and t h e s e   c o n t r o l  
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c a l c u l a t i o n s  indicates(approximate1y) the   magni tude   o f   the   res idua l  terms i n  
t h e   f i r s t   f o r m u l a s .  

There i s  no p o i n t   i n   t h u s   c o n t r o l l i n g   e a c h   c a l c u l a t e d   p o i n t ;   t h i s  would /33 
lnean t h a t  w e  change  from  the  formulas i n   t h e   p r e c e d i n g   s e c t i o n   t o   d i f f e r e n t ,  
more p r e c i s e  - but   considerably more  cumbersome - formulas. The bas ic   ca lcu-  
l a t i o n  must  be  performed i n   t h e  customary way,  and t h e   c o n t r o l  method presented 
must  be employed  from time t o  time i n   o r d e r   t o  trace t h e   e r r o r .  

One impor t an t   s t i pu la t ion  must be  formulated in   connec t ion   wi th   the   use   o f  
quadratic  formulas  having  increased  accuracy.  These  formulas may only  be 
e f f e c t i v e   i f   t h e   f u n c t i o n s   t o   b e   i n t e g r a t e d  are q u i t e  "smooth", i . e . ,  i f  a, B ,  
R ' ,  F, M change qu i t e   even ly   a long   t he   cha rac t e r i s t i c .   I f   t hey   unde rgo   sha rp  
jumps and  bends  (such cases a re   encoun te red   qu i t e   f r equen t ly   i n   p rac t i ce ) ,   t hen  
the   use   o f  more  complex quadra t ic   formulas   loses  any  meaning  due t o  an  excessive 
i n c r e a s e   i n   t h e i r   r e s i d u a l  terms. 

Another method  of  determining  the  error  consists of repea t ing   the   ca lcu la-  
t i o n   f o r  a c e r t a i n   r e g i o n  by a d i f f e r e n t   s t e p .   I f  i t  is found as a r e s u l t   t h a t  
t h e  s t e p  decrease  does  not lead t o  a s i g n i f i c a n t   c h a n g e   i n   t h e   r e s u l t s ,  i t  may 
then   be   concluded   tha t   th i s  s t e p  is s u f f i c i e n t   w i t h i n   t h e  framework  of t h e  
accuracy  assumed, i . e . ,  t h e   r e s i d u a l  terms may ac tua l ly   be   d i s regarded .   I f  
t h e r e  i s  considerable   divergence,   then new,  more p r e c i s e   v a l u e s   f o r   t h e   d e s i r e d  
q u a n t i t i e s  may be  obtained from a comparison of t h e   r e s u l t s  of   these two m i s -  
c a l c u l a t i o n s .  L e t  a c e r t a i n   q u a n t i t y  f be  calculated  with a c e r t a i n  s t e p  h and 
with  another  s t e p  - f o r  example, 2h. I n   t h e   f i r s t   c a s e ,   t h e   a p p r o x i m a t e   v a l u e  
f ( l )  is ob ta ined   fo r  i t ,  and in   t he   s econd  case - f (2). L e t  the   s tandard  
working  formulas  have  residual terms on  the  order   of   h2  ( just  as in   ou r   ca se ) .  
We can  then wr i te  

f = f ' l )  + mh2, 
f = f") + 4mh2, 

where m i s  a c e r t a i n   c o e f f i c i e n t .  By excluding mh2 from  these two equations , 
w e  obtain 

It i s  e v i d e n t   t h a t   t h i s   v a l u e  w i l l  no t   be   accura te   ( the   va lues   o f  m i n   t h e  equa- 
t ions  given  above do no t   necessa r i ly   co inc ide ) ,  and t h a t   t h e   r e s i d u a l  term /34 
f o r  i t  w i l l  have a higher   order   of   smallness .  

Both  methods  presented  for  determining  the  error make i t  poss ib l e   t o  
s e l e c t   t h e   r e q u i s i t e   s t e p  a t  the  beginning  of   the  calculat ion,   and  then  to  
cont ro l   the   accuracy  from time t o  t i m e .  However, they are q u i t e  cumbersome. 
It would be   ve ry   des i r ab le   t o   have  more ' 'Ope ra t iona l "   c r i t e r i a .  

One o f   t h e s e   c r i t e r i a  i s  r e l a t e d   t o   t h e   p o s s i b i l i t y  of  computing t h e  
Lagrangian  coordinate R bo th   a long   the   a -charac te r i s t ic ,  and  along  the B-charac- 
ter is t ic .  The small d i f f e rence   be tween   bo th   r e su l t s   i nd ica t e s   t o  a c e r t a i n  ex- 
t e n t   t h a t   t h e   c o r r e c t   s t e p  was chosen. Due t o   t h e   f a c t   t h a t  i t  r e q u i r e s  a 
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Figure  1 2  

minimum of   addi t iona l   computa t ions ,   th i s  method is  qui te   convenient ,   but  i t s  
app l i ca t ion  i s  l i m i t e d  by a n o t h e r   f a c t o r .  The r e s i d u a l  terns i n  formulas 
(3.7)  conta in   h igher   der iva t ives   o f  R'  a long   t he   cha rac t e r i s t i c s  - f o r   t h e  
f i r s t   fo rnula   a long   the   %-charac te r i s t ic ,   and   for   the   second  formula ,   a long  
t h e   $ - c h a r a c t e r i s t i c .   I f   t h e   d e r i v a t i v e s   i n   b o t h   d i r e c t i o n s  are c l o s e   t o  one 
a n o t h e r ,   t h e   r e s i d u a l  terms w i l l  be   c lose ,  so tha t   bo th   formulas   ident ica l ly  
y i e l d   a c c u r a t e   r e s u l t s .  On the   o ther   hand ,  if t h e   h i g h e r   d e r i v a t i v e s  of 3.' 
d i f f e r   g rea t ly   a long   bo th  sets of c h a r a c t e r i s t i c s ,   t h e n   t h e   r e s i d u a l  t e n s  
w i l l  d i f f e r   g r e a t l y   i n   t e r m s  of magnitude. I n  t h i s   l a t t e r  case, i t  i s  edvan- 
t ageous   t o  compute R a long   the   charac te r i s t ic   where  R changes  more  "smoothly" - 
i . e . ,  where i t s  d e r i v a t i v e s  ere smal le r .  To obtain  com-Jlete  agreement  between 
b o t h   r e s u l t s   d e r i v e d  from  computing P, w e  must   decrease  the  s tep  above  the 
power which i s  necessary   to   ach ieve   the   requi red   accuracy   (a t  least  wi th   r e spec t  
t o  R ) .  Thus, w e  must  employ t h e   c r i t e r i o n  of the  agreement  between R ca l cu la t ed  
a long   un l ike   cha rac t e r i s t i c s   on ly  when R '  changes  equally  issmoothly"  along  both 
sets o f   c h a r a c t e r i s t i c s .  

The reca lcu la t ion   quant i ty"  i . e . ,  the   d i f fe rence   be tween two suc- 
cessive approximations  of  one  and  the same quan t i ty  - can  provide  the  second 
c r i t e r i o n .  The smal lness   o f   the   reca lcu la t ion   represents  a c e r t a i n   i n d i c a t i o n  
that   the   second  approximation i s  c l o s e   t o   t h e   a c c u r a t e   v a l u e .  A s  w a s  shown 
above ,   t he   r eca l cu la t ion  i s  on the   o rde r   o f   h2 ,   wh i l e   t he   r e s idua l  terms are on 
t h e   o r d e r  of h3 .   Therefore ,   there  is no p o i n t   i n   h a v i n g   t h e   r e c a l c u l a t i o n  
v a n i s h   i n   g e n e r a l   ( w i t h i n   t h e  limits of   the   dec imals   re ta ined)  -- t h i s  would 
i n d i c a t e  a d e c r e a s e   i n   t h e   s t e p  a t  which the   necess i ty   o f   r eca l cu la t ion  i s  
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general ly   e l iminated.  On the   o ther   hand ,  w e  h a v e   s e e n   t h a t   t h e   t o t a l  compu- 
t a t i o n a l   e r r o r  is  on  the  order  of h2 - t h e  same as the   r eca l cu la t ion   quan t i ty .  
The re fo re ,   i n  a c e r t a i n   s e n s e  i t  may b e   s t a t e d   t h a t   t h e   t o t a l   e r r o r  and t h e  
r e c a l c u l a t i o n   q u a n t i t y  are p ropor t iona l   t o   each   o the r .  

It is  t r u e   t h a t   t h e   c o e f f i c i e n t  of this   Droport ional i ty   depends  most  /35 
s t rongly  on t h e   c h a n g e   i n   t h e   q u a n t i t i e s   t o   b e   c a l c u l a t e d ,   s i n c e   t h e   r e s i d u a l  
terms and t h e   r e c a l c u l a t i o n   q u a n t i t i e s  are e x p r e s s e d   i n  a comple te ly   d i f fe ren t  
manner  by  means  of t he   h ighe r   de r iva t ives   o f   t he   func t ions   i nc luded   i n   t he  
computation.  Therefore, i t  is  absolutely  impossible   to   formulate  any u n i v e r s a l  
c r i t e r i o n   f o r  a v a l i d   r e c a l c u l a t i o n   q u a n t i t y .  However, i f  a series of uniform 
problems is solved,  a v e r y   c a r e f u l   a n a l y s i s  of the   so lu t ions   €or   the   former  
problems may es tab l i sh   the   dependence   be tween  the   reca lcu la t ion   quant i ty  and 
t h e   e r r o r   i n   d i f f e r e n t   r e g i o n s ,  and this  dependence may b e   u t i l i z e d   t o   s o l v e  
the   subsequent   p roblems  in   the  series. 

I n   s p i t e  o f   t he   f ac t   t ha t   each  of the  methods  mentioned  above  for  deter- 
min ing   the   e r ror  may no t   i nd iv idua l ly   be   ca l l ed   abso lu t e ly   accu ra t e   o r   r e l i ab le ,  
t h e  combined use of  them leads   to   a lmost   re l iab le   conc lus ions   regard ing   the  com- 
puta t iona l   accuracy .  We must now supplement th i s   d i scuss ion   wi th   severa l   p rac-  
t i ca l  cons idera t ions .  

I f  a c e r t a i n   m e t h o d i n d i c a t e s   t h a t   t h e   s t e p s   i n  a network of c h a r a c t e r i s t i c s  
are   too  large,   they  must   be  decreased.   Steps may be  changed i n   b o t h  sets inde- 
pendently of each   o the r .   I f ,   f o r   example ,   r eca l cu la t ions  of A increased  exces- 
s ive ly ,   t hen   t he   s t ep  must   be  decreased  a long  the  a-character is t ics ,   s ince A 
i s  in tegra ted   a long  them. The s t e p  i s  decreased  by  " inser t ing"  addi t ional  
po in ts   ob ta ined  by  means  of (quadra t i c )   i n t e rpo la t ion   a long   t he   cha rac t e r i s t i c .  
We must t hus   t ake   t he   f ac t   i n to   accoun t   t ha t  a change i n   t h e   s t e p   a l o n g ,   f o r  /36 
example, t h e   a - c h a r a c t e r i s t i c  may b e   i n d i c a t e d   i n   t h e   r e c a l c u l a t i o n s  of B ,  
generally  speaking. 

By way of  an  example, l e t  us  examine  Figure 1 2 .  Sections  of  the  charac- 
teristics AB and BC se rve  as t h e   i n i t i a l   d a t a   h e r e .  L e t  us assume tha t   du r ing  
the  computat ional   process  i t  has   been   found  tha t   the   s teps  on t h e  DE s e c t i o n  
of t h e   6 - c h a r a c t e r i s t i c  are large.  I f  w e  employ t h e   r e c a l c u l a t i o n   q u a n t i t i e s  
i n   o r d e r   t o   c o n t r o l   t h e  s t e p ,  then - t ak ing   t he   f ac t   i n to   accoun t   t ha t   t he  re- 
c a l c u l a t i o n   q u a n t i t y  is p ropor t iona l   t o   t he   squa re  o€  t h e  s t e p  - w e  may compute 
a new s t e p  which i s  val id   under   the  given  condi t ions.  L e t  us  assume t h a t   t h e  
s t e p  must  be decreased twofold a t   t h e  two i n t e r v a l s w h i c h   a r e   c l o s e s t   t o   t h e  
poin t  E ,  and t h a t  i t  must  be  decreased  threefold on t h e   t h i r d   i n t e r v a l .  By in-  
te rpola t ion   a long   the  computed p o i n t s ,  w e  may " i n s e r t "  new p o i n t s ,  from  which 
new a - c h a r a c t e r i s t i c s  may  come ( they   a re  shown by the   dashed   l i ne   i n   F igu re  1 2 ) .  
Such " inser t ion"  i s  shown on   the  FG s e c t i o n   o f   t h e   a - c h a r a c t e r i s t i c .  

The s t e p  must  be  increased  as wel l  as decreased  during  the  computational 
process .   I f  any f a c t o r s   i n d i c a t e   t h a t  a l a r g e r  s t e p  i s  v a l i d  on the   g iven  
s e c t i o n ,  i t  must  be  immediately  increased,  since  an  excessively  small   step 
l e a d s ,  on t h e  one  hand, t o   a n   i n c r e a s e   i n   t h e   t o t a l  amount of  computational 
work and, on the  other   hand,   produces  the  condi t ions  for   computat ional   errors .  
The s t e p  i s  increased by s imply   d i scard ing   cer ta in   po in ts .  
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5. COMPUTATIONAL FORMULAS FOR SPECIFIC  EQUATIONS OF STATE 

L e t  us commence wi th   an   idea l   gas ,  i . e . ,  a subs tance   which   sa t i s f ies   the  /37 
equation of s ta te  

p = kp". (5.1) 

Here H i s  a constant   (adiabat ic   index) ,   and k i s  the   en t ropy   func t ion  k = k ( s ) .  
L e t  u s   f i r s t   f i n d   t h e  Riemann i n v a r i a n t s   f o r   t h i s  substance.  We have 

o r  

& = X dp + $dk.  

We thus   conclude   tha t   ( see   sec t ion  2) 

$ = x P .  
P 

We f ind   t ha t   equa t ion  ( 2 . 4 )  has   the   fo l lowing   so lu t ion  

a=- c. 
% - I  

A c t u a l l y ,   f i r s t   o f   a l l  w e  have 

I n   a d d i t i o n ,  i t  follows  from ( 5 . 2 )  and (5.1) t h a t  

c2 = xkpZ-1 

o r ,   a f t e r   d i f f e r e n t i a t i o n ,  

dc 2 - = ( % - 1 ) - + -  dp dk 
c P k '  

and w e  thus  have 
C d p =   - d c -  
P 

dk. 
2 C 

% - I  ( x  - I )  k 

Subs t i t u t ing   t h i s   exp res s ion   i n   (5 .3   , and   a l lowing   fo r   t he  fac t  t h a t  2- = G; 13% 
w e  ob ta in  P C  - 

or 
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Making a comparison  with ( 2 . 4 ) ,  w e  f i n d   t h a t  w e  may assume 

a=- 2 
% - I  

C. 

L e t  us   in t roduce   the   fo l lowing   no ta t ion  

h = - .  % + i  

We thus  have 
% - i  

h+l="-  h " l = -  2% 2 
r - i  % " 1  ' 

x = -  h + i  
h - i  ' 

Consequently, w e  may write 

A = ( h - l ) ~ + u ,  

B = ( h - l ) c - ~ .  I 

(5.5) 

In   o rder   to   reduce   the   computa t iona l   formulas   in   sec t ion  3 t o  a more  con- 
venient  form, w e  may in t roduce  a new ent ropy   var iab le   and  a spec ia l   func t ion  of 
p r e s s u r e .   I n   o r d e r   t o  do t h i s ,  w e  note   that   the   fol lowing  fol lows  f rom  (5.1)  
and (5.2) : 

Consequently,  the  speed  of  sound c i s  r e p r e s e n t e d   i n   t h e  form of the  pro-  
duct  of two c o e f f i c i e n t s ;   t h e   f i r s t   c o e f f i c i e n t   d e p e n d s   o n l y  on entropy,  and 
the   second  coef f ic ien t   depends   on ly  on pressure.  L e t  u s   des igna te   t hese  co- 
e f f i c i e n t s  as follows: 

We then  have 

c = uz, (5.8) 
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It c a n   b e   r e a d i l y   s e e n   t h a t   f o r  p w e  obtain  the  formula 

h-1 -- ,h-I 
p = y  ' .-. 

I f  w e  i n t roduce   t he   no ta t ion  
Va 

" 
h-I 

a'=+ ' ,  

then  formulas  (5.1)  and  (5.10)  can  be written as fol lows:  

,h-I 
p 5 -  

% 

(5.9) /39 

(5.10) 

(5.11) 

D i f f e r e n t i a t i n g   t h e   r e l a t i o n s h i p  k = v2* following  from  (5.7) , w e  obta in  

dk du 
k 
" - 2%". 

V 

F o r   t h e   l a s t  term i n  (5.4) , we thus   ob ta in  

c dk 2% c 

% ( X - - )  k %(%-I) u 
" " " d v  = (h- l ) ~  d ~ .  

Consequently, 

d [ ( h - l ) c ] = - + f h - l ) ~ d ~ ,  dP 
PC 

and t h e   r e l a t i o n s h i p s   f o r   t h e   c h a r a c t e r i s t i c s   c a n  be  w r i t t e n   i n   t h e   f o l l o w i n g  
f o m  

d A = F d f + - ( h - l ) ~ d ~ ,  

d B  = Fdt  + ( h -  1 ) z d v .  

In   add i t ion ,  i t  can   be   readi ly  shown t h a t  

u = -  A - 3  
2 '  

(5.12) 

(5.13) 

F i n a l l y ,   f o r  R' we  obtain  the  fol lowing  expression  f rom  (5.8)  and (5.11): 
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We may  now write the  complete  system  of  computational  formulas.  L e t  /40 
US assume t h a t  we know t h e   q u a n t i t i e s  t ,  r ,  R,  A ,  B ,  u, v, z ,  a ,  8,  F,  R' 
a t  p o i n t s  1 and 2.  The same q u a n t i t i e s  a t  poin t  3 may b e  computed according 
to   t he   fo rmulas :  

(5.14) 

The pa ren theses   a t   t he   r i gh t   con ta in   t hequan t i t i e s   wh ich   have   been  re- 
placed by the   average   quant i t ies   in   the   cor responding   formulas   dur ing   the  re- 

ca l cu la t ion   ( fo r   example ,   i n   t he   f i r s t   f o rmula  w e  have  used a13 = -~ a1 + a3 
2 and 

8 2 3  = B2 + 2 B' i n s t e a d  of 0.1 and 8 2 ) .  The n o t a t i o n  v3 = v(R3)  i n d i c a t e s   t h a t  
t h e   q u a n t i t y  v3 i s  obtained  from  the  previously known funct ional   dependence 
v = v(R) (for  example, by i n t e r p o l a t i o n   a c c o r d i n g   t o   t h e   t a b l e ) .  

The second  equation  of s ta te  which w e  s h a l l  examine d i f f e r s   v e r y  l i t t l e  
from (5.1). It has   the  fol lowing form 

(5.15) 

where x ,  a ,  p g  are cons tan ts ,  and k is a func t ion  of en t ropy .   In  many cases 
i t  may be assumed t h a t   l i q u i d s  and   even   (under   cer ta in   condi t ions)   so l id   bodies  
sa t i s fy   such   an   equat ion  of state.  One d i s t ingu i sh ing   f ea tu re   o f   equa t ion  (5.15) 
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is  the  fact  that  the  pressure p can  vanish  for  non-zero k and p .  This  leads 
to certain  phenomena  (so-called  separation)  which  are  not  characteristic 
of  substances  with  the '!gas" equation  of  state (5.1). 

Equation  (5.15)  differs  from  (5.1)  only  due  to  the  presence  of  a  constant /41 
component.  On  the  other  hand,  the  pressure  p  is  only  included  under  the  sign 
of  the  derivative  in  the  differential  equations  (2.1).  It  thus  follows  that 
quantities  which  may  be  defined  by  relationships  (5.6)  may  be  used  as  the 
Riemann  invariants  for  a  substance  with  the  equation  of  state (5.15). Just 
as  always,  the  square  of  the  speed  of  sound  c  is  obtained  by  differentiating 
the  pressure p over  the  density p (for  a  constant  entropy  variable k ) .  This 
may  be  readily  confirmed  by  performing  the  appropriate  computations. 

In order  to  formulate  a  complete  system  of  computational  formulas,  for 
equation  (5.15) we shall  now  determine  the  special  variables  which  are, in a 
certain  sense,  similar  to  the  variables z and  v  which we introduced  for an 
ideal  gas. In order  to  do  this,  let  us  first  of  all  stipulate  that 0 0 ,  which 
is  included  in  the  definition  of  the  Langrangian  coordinate ( 3 . 2 ) ,  is  equal 
to p o  from  equation  (5.15).  Then  removing p o x  from  the  parenthesis  in  the 
right  part  of  (5.15), we obtain 

(5.16) 

where  b  is  a  new  constant,  and 6 = -. P 
P o  

According  to  equation  (5.16),  the  pressure p vanishes  in  the  case  of 
k = 1 and 6 = 1. We  shall  call  this  state  of  the  substance  under  considera- 
tion  the  initial  state. 

Differentiating  (5.16)  over p = p 0 6 ,  we  obtain 

(5.17) 

In particular,  designating  the  speed  of  sound  in  the  initial  state  by coy we 
have 

c : = x - ,  b 

P o  

or 

Therefore,  equation  (5.16)  can  be  rewritten  in  the  following  form 

p = - (k6' - I ) ,  P O 4  

x 
(5.18) 

and  relationship  (5.17)  can be rewritten in the  form 
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o r  

Accord ing   to   (5 .18) ,   the   quant i ty  kAX i s  a func t ion   of   p ressure  p. 

We can  thus see t h a t , j u s t  as previously,  the  speed  of  sound c i s  repre-  /42 
sen ted   i n   t he   fo rm of the  product  of two f a c t o r s  - one  of  which  depends  only 
on entropy, and the  second of  which  depends  only  on  pressure. We may set 

I f  w e  def ine  h = __I x w e  t h e n   a r r i v e  a t  the   fo l lowing   r e l a t ionsh ips  x - 1' 

c = V Z ,  

(5.19) 

(5.20) 

(5.21) 

which are similar to   formulas   (5 .8)  and  (5.11). The d i f f e r e n c e  l i es  o n l y   i n  
t he   cons t an t  component i n   t h e   f o r m u l a   f o r   p ,   a n d   i n   t h e   f a c t   t h a t  w e  now have 
p o c o 2  ins tead   of   the   d imens ionless   quant i ty  a2. The reader   can   readi ly  see 
tha t   the   computa t iona l   formulas   (5 .14)   remain   in   fu l l   fo rce   for   the   equat ion  
of s t a t e   (5 .15 ) .  

We s h o u l d   n o t e   t h a t   i f  v has  a fo rma l   na tu re   i n   t he   ca se   o f   an   i dea l   gas ,  
i t  then  has  a s p e c i f i c   p h y s i c a l  meaning f o r  a subs tance   wi th   the   equat ion  of 
s ta te   (5 .15) .   Actua l ly ,  i t  fol lows from  (5.19) t h a t   c o n d i t i o n  p = 0 is equiva- 
l e n t   t o   t h e   c o n d i t i o n  z = 1; formula  (5.20) shows t h a t   t h e n  v = c. Consequently, 
i f  w e  examine a c e r t a i n  volume  of our  substance  which i s  i n  a balanced  thermo- 
dynamic s t a t e ,  and then  use a r eve r s ib l e   ad i aba t i c   p rocess   ( i . e . ,   f o r   cons t an t  
v)   to   conver t  i t  t o  a s ta te  of ze ro   p re s su re   (o r   i f  w e  discharge i t ,  as they 
s a y ) ,   t h e n   i n   t h i s  new s ta te  the  speed of sound c equals  v.  We may t h e r e f o r e  
des igna te   t he  l a t te r  q u a n t i t y  as the   d i scharge  speed of  sound. 

p = 6 (p" $- kp'). (5.22) 

Here b y  V , K  a re   cons t an t s  and k i s  the  funct ion  of   entropy.   This   equat ion may 
be  regarded  as  a type  of   " interpolat ion"  equat ion - fo r   sma l l  k the  second 
term i n   t h e   p a r e n t h e s i s  may be   d i s r ega rded ,   and   t he   p rope r t i e s  of the   subs tance  
would be similar t o   t h e   p r o p e r t i e s  of an   i dea l   gas   w i th   t he   ad iaba t i c   i ndex  1-1. 
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On the   o the r   hand ,   fo r   l a rge  k the  second term p l a y s   t h e  main r o l e ,  and i n  
terms of   propert ies ,   our   substance  approximates   an  ideal   gas   with  an  adiabat ic  
indexx . We s h a l l  assume, for   purposes  of d e f i n i t i o n ,   t h a t  p > ~ > l .  

Dif fe ren t i a t ing   equa t ion  ( 5 . 2 2 )  w i t h   r e s p e c t   t o  p ,  w e  o b t a i n  /43 

C' = bp [p-l .+ 5 kpx-1) . ( 5 . 2 3 )  
P 

L e t  p g  b e  a c e r t a i n   c o n s t a n t   i n i t i a l   d e n s i t y .  A s  i s  customary, w e  des igna te  

t h e   r a t i o  - by 6.  In addi t ion ,  le t  us in t roduce   the   fo l lowing   no ta t ion :  P 
P o  

p -  x = m. -po k =  v ,  pbp: = a4. x "m 

P 

Formulas ( 5 . 2 2 )  and ( 5 . 2 3 )  then assume the  fol lowing f o m  

( 5 . 2 4 )  

( 5 . 2 5 )  

L e t  us f i r s t   f i n d   t h e  Riemann inva r i an t s .   Fo r   t h i s   pu rpose ,  l e t  us set 

v6-m y-m, 
s o  t h a t  

L 1 
rn 6 = v y, p = povmy. 

S u b s t i t u t i n g   i n  ( 5 . 2 4 )  and ( 5 . 2 5 ) ,  w e  may express  p and  c2 by v and y: 

p=-vmyp 1 + 'y-m), 
P ( 7. 

u-I 

L e t  u s  f i n d   t h e   t o t a l   d i f f e r e n t i a l  of expression ( 5 . 2 6 ) :  

In   add i t ion ,  by  means of ( 5 . 2 7 )  w e  r e a d i l y   f i n d   t h a t  

( 5 . 2 6 )  

(5.27) 
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And w e  now have 

We m u s t   s e p a r a t e   t h e   t o t a l   d i f f e r e n t i a l   f r o m   t h e   r i g h t   p a r t   o f   e q u a t i o n  /44 
( 5 . 2 8 ) .  I n   o r d e r   t o  do t h i s ,  we may determine  the  funct ion  +(y)  by means of 
t h e   r e l a t i o n s h i p  

u-s 

( 5 . 2 9 )  

The f i r s t  term i n   t h e   r i g h t   p a r t  of (5 .28 )  can   then   be   rewr i t ten   in   the   fo l low-  
ing  form 

and,  consequently, 

Comparing t h e  l a t te r  r e l a t ionsh ip   w i th  ( 2 . 4 ) ,  w e  f ind   t ha t   ou r   goa l   has  

been  achieved - is r e p r e s e n t e d   i n   t h e  form of ( 2 . 4 ) .  We thus  have 
P C  

(5 .30 )  

(5 .31 )  

We may  now perform  numerical   in tegrat ion by t h e  method p r e s e n t e d   i n  
Sect ion 3 .  In   o rde r  t o  do t h i s ,  w e  on ly   need   to   have   the   t ab le  of t he   func t ion  
@(y) and, secondly,  w e  must   be  able   to  compute M very  simply  with respect t o   t h e  
q u a n t i t i e s  v and 0 ( i n   o r d e r   t o   f i n d  a and 8)  and 6 ( i n   o r d e r   t o   f i n d  R ' )  . 

The func t ion  + can  be set equal   to   the   fo l lowing   re la t ionship ,   accord-  
ing  to (5 .29 )  : 

42 



(5 .32 )  

i n  the case of x > l , w e  w i l l  have - >-1, so t h a t   t h i s   i n t e g r a l   c o n v e r g e s .   I f  x-3 
2 

it be longs   to  a number of  Chebyshev  functions  which are expressed by  means of 
elementary  functions,  w e  m u s t   t u r n   t o   n u m e r i c a l   i n t e g r a t i o n   i n   o r d e r   t o  com- 
pute it. A t  t h e   p o i n t  y = 0, the   func t ion   $(y)  may have a spec ia l   cha rac t e r -  
i s t i c .  However, i n   t h e   v i c i n i t y  of t h i s   p o i n t  it may be   readi ly   expanded   in  
f r a c t i o n a l  powers of y .  

For  the  computation  of M y  c and e ,  i t  is p o s s i b l e   t o  employ the   fo l lowing  
re la t ionships   which   fo l low  f rom  the   def in i t ion   o f  y and  formulas ( 5 . 2 7 ) ,   ( 5 . 3 0 ) ,  
( 5 . 3 1 )  : - I 4 5  

U-1 

- "- Ir "1 

" 

(5 .33 )  

The r i g h t   s i d e s  o f   r e l a t ionsh ips  ( 5 . 3 3 )  are known functions  of  y;  con- 
s e q u e n t l y ,   t h e   l e f t   s i d e s  are i n t e r r e l a t e d  by a functional  dependence. We may 

- 1"p 

compile a t a b l e   i n  which w i l l  be   the  argument ,   and  the combina- 

t i o n s  LM,  - 9 - w i l l  be   the   func t ions .  
Urn @ 

c c8 
9 c p h  

I f  v and are known, w e  may then   f i nd  3 M y  and  consequently M, from t h i s  V 
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C 6  
t a b l e .  On t h e  same l i n e  we then   ob ta in  -, i .e. , c. F i n a l l y ,  w e  f i n d  C - 

cp 1' - 
vmcp 

which makes it p o s s i b l e   t o   o b t a i n   t h e   p r o d u c t  ce which is r e q u i s i t e   f o r  com- 
put ing R' . 

With such a t a b l e  a t  our   d i sposa l ,  no d i f f i c u l t i e s  are e n t a i l e d   i n   t h e  

computat ional   process .   I f   the  powers  and - are f r a c t i o n a l ,  i t  is a l s o  

recommended t h a t  a t ab le   be   compl i ed   i n   o rde r   t o  compute 2m and E. 

1 
2m m 

1-U 1 - 
V V 

When discussing  the  methods  for  computing  shock waves, contact  discon- 
t i n u i t i e s  and  expansion waves a t  a l a te r  p o i n t ,  as a r u l e  w e  s h a l l   c o n f i n e  
ou r se lves   t o   on ly   i dea l   gas  and  avoid cumbersome formulas. However, t he   i n -  
t e r e s t e d   r e a d e r  w i l l  have  no d i f f i c u l t y   i n   t r a n s f e r r i n g   t h e s e  methods t o   o t h e r  
equations  of s ta te ,  employing the  formulas   presented  here   for   computing  the 
Riemann i n v a r i a n t s .  
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I 

6.  SOME PRACTICAL CONSIDERATIONS - I 4 6  

We are only   inves t iga t ing   computa t ions  "by hand"  which are pr imar i ly   per -  
formed  by e i ther   the   cus tomary   ca lcu la t ing   machine   o r  one wi th   an  e lec t r ic  
dr ive .  L e t  us commence wi th   t he   fo rm  o f   t he   no ta t ion   o f   t he   i n t e rmed ia t e  re- 
s u l t s .  

A l l  of t h e   n o t a t i o n  is  w r i t t e n  on sheets   of   paper   (preferably  graph  paper)  
which are l a id   ou t   i n   r ec t angu la r   squa res .   These   squa res  are of  such a s i z e  
t h a t   t h e  twelve numbers t, r ,  R,  u, z ,  v, A, B, a, f3, F, R' p e r t a i n i n g   t o   o n e  
p o i n t  [we are inves t iga t ing   t he   p rob lem  wi th   t he  "gas" equat ion of state (5.1) 1 
may be  arranged  inside  each  of  them. For  example,   these  numbers  within  the 
square may be   a r r anged   i n   t he   fo l lowing   o rde r :  

Th Le h !or izonal  series of   squares   contains   points   lying on  one a charac te r i s -  
t i c ;   t h e   v e r t i c a l  series conta ins   po in ts   ly ing  on one   &charac t e r i s t i c .  The 
coordinate  t i n c r e a s e s   f r o m   l e f t   t o   r i g h t  and  from  top to   bo t tom a t  t h e   p o i n t s .  
The d iagonals   go ing   f rom  the   l e f t  upward t o   t h e   r i g h t   r e p r e s e n t   s p a c e l i k e   l i n e s ;  
t h e   q u a n t i t i e s  r and R i n c r e a s e   i n   t h i s   d i r e c t i o n .   I n   p a r t i c u l a r ,   s q u a r e s  con- 
t a i n i n g   p o i n t s  1, 2 ,  and 3 (see  Figure 6)  w i l l  be  arranged as follows: 

I f   t h e   s q u a r e s   f o r   p o i n t s  1 and 2 are f i l l ed ,   t hen   t he   computa t iona l  form- 
ulas  (5.14) make i t  p o s s i b l e   t o   f i l l   t h e   s q u a r e  of   point  3 success ive ly .  L e t  us 
present  an  example  of  this  computation. L e t  u s   i nves t iga t e   t he   cy l in -  - 147 

d r i c a l l y  symmetrical motion of an   i dea l   gas   w i th   t he   ad iaba t i c   i ndex  x = 1; w e  

s h a l l  assume t h a t  e o  equals   uni ty .  The dependence  between  the  entropy  quantity 
v and  the  Lagrangian  coordinate R can  be  given by the  formula 

5 
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(The r easons   fo r   s e l ec t ing   t he   func t ion   v (R)  w i l l  be   c l a r i f i ed   be low) .  L e t  us 
assume the   fo l lowing   va lues   for  t ,  r,  R, A, B a t  p o i n t s  1 and 2: 

It i s  pr imar i ly   necessary   to  compute t h e   q u a n t i t i e s   u ,  v, Z ,  a ,  6, F, R' which 
are l ack ing   fo r   po in t s  1 and 2. This may be  done by t h e  same formulas (5.14) 
and t h e  well-known funct ion  v(R).  We may then  subsequently compute poin t  3 .  
The r e s u l t s  may be   g raphica l ly   p resented   as   fo l lows:  

" - 

1,0000 1,ooOO 0,44258  0,8540 

0,3179 9,0000(a 0,7143 

i,1755  2,6041 

"0,2700  0,33€3  1,0923 
- 

1,0500 1,0000 0,45827 
0,3968 a, 05000 

- . . "" ~" 

4,2343 
-0 ,2835  0 ,3531 

- "" 

1 67 35 
P ,0739 4,0676 0 ,45063 

29 467 
0,3617  1,02555 

5 

6 3 
I ,  1821 

-0,2546  0,3388 
. "  ~ 

0,8660 
0,7500 
2,7343 
1,1469 
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86 
0,7190 

106 
2,6202 

88 
1,0993 

o ,8438 

Two va lues   a r e   g iven   fo r   each   quan t i ty  a t  poin t  3 - t he   f i r s t   app rox ima t ion  
and the   r eca l cu la t ion .   In   o rde r   t o   avo id  making t h e   n o t a t i o n  more  cumbersome, 
on ly   the  l as t  decimals - which  change  during  the  recalculation - are w r i t t e n  
i n   t h e   " r e c a l c u l a t i o n "   v a l u e s .   T h u s ,   i n   t h e   f i r s t   a p p r o x i m a t i o n  A 3  is  e q u a l   t o  
2.6202,  and a f t e r   t h e   r e c a l c u l a t i o n  i t  equals  2.6196. The q u a n t i t y  F3 does  not 
change  as a r e s u l t  of t h e   r e c a l c u l a t i o n .  

A s p e c i f i c  amount of   dec imals   a re   se lec ted   for   each   quant i ty ,  and t h e  re- 
maining  ones  are  rounded  off.  When solving  the  problem of s e l e c t i n g   t h e  number 
o f  p laces ,  w e  must s t a r t   w i th   t he   r equ i r emen t   o f   ove r -a l l   a ccu racy   i n   t he   des i r ed  
solut ion.   This  may be   fo rmula t ed   i n   d i f f e ren t  wa>7s. It is most  reasonable /48 
t o  impose the   condi t ions  o f  accuracy on the   "phys ica l "   quan t i t i e s   u ,   p ,  p,  but  
t he re   a r e   o the r   poss ib l e   app roaches   t o   t h i s   p rob lem.  

We f e e l  i t  i s  most  advantageous  to  have  the  requirement  for  accuracy im-  
posed   on   quant i t ies   which   d i rec t ly   par t ic ipa te   in   the   computa t ion  - f o r  example, 
A and B. The d i scuss ion   p re sen ted   be low  i l l u s t r a t e s   t he   so lu t ion   fo r   t he  
problem  of   se lec t ing   the  number o f  p laces   under   these   condi t ions   in   the  
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numerical  example  presented  above. 

We s h a l l  start w i t h   t h e   f a c t   t h a t   t h e   q u a n t i t i e s  A and B conta in   four  
dec ima l s   ( i . e . ,   f ou r   p l aces   a f t e r   t he  comma). We s h o u l d   n o t e   f i r s t  of a l l  t h a t  
terms such as F A t  are included  in   the  formula  for   computing A and B. The 
q u a n t i t y  F is  c l o s e   t o  -0 .3 .  This means t h a t   i n   o r d e r   t o   p r o v i d e   f o r   ( w i t h  
a cer ta in   margin)   four   cor rec t   dec imals   for   the   p roduct  F A t ,  i t  i s  necessary 
t o   r e t a i n   f o u r   d e c i m a l s   f o r  t .  

The q u a n t i t y  F is  encountered   on ly   in   the   p roduct  F A t .  The d i f f e r e n c e s  
A t  a long   bo th   charac te r i s t ics   equa l   0 .0667,  i .e . ,  t hey   have   t h ree   s ign i f i can t  
digi ts .   Consequent ly ,  i t  i s  s u f f i c i e n t   t o   t a k e   f o u r   s i g n i f i c a n t   d i g i t s   f o r  F, 
because a f u r t h e r   i n c r e a s e   i n   t h e  number of d i g i t s   c a n n o t   i n c r e a s e   t h e  ac- 
curacy  of   the  product  F A t .  

I n  a similar manner, when i n v e s t i g a t i n g  terms such  as  (h-l)zAv,  included 
i n   t h e  same formulas, w e  f i n d   t h a t  w e  must t ake   f i ve   dec ima l s   fo r  v,  and f i v e  
s i g n i f i c a n t   d i g i t s   f o r  z .  

The product ct A t  has   four   accura te   dec imals   (under   the   condi t ion   tha t  ct 

has  no less t h a n   f o u r   s i g n i f i c a n t   d i g i t s ) .  It thus   fo l lows   tha t  w e  must  take 
f o u r   d e c t m l s   f o r  r. We thus   ob ta in   f ive   dec imals   ( the  last is  problematical)  
f o r  R. 

The q u a n t i t i e s  v and R are r e l a t e d  by a functional  dependence. When t h e r e  
i s  a change  from  point 1 t o   p o i n t  2 ,  R changes by 0.05,  and v changes  by 
0.01569. I n  round  numbers w e  f i n d   t h a t   t h e   i n c r e a s e   i n  R i s  t h r e e  times g r e a t e r  
t h a n   t h e   i n c r e a s e   i n  v. This means t h a t   t h e   f i f t h   d e c i m a l   i n  R may b e   t h r e e  
times less a c c u r a t e   t h a n   t h e   f i f t h   d e c i m a l   i n   v .   C o n s e q u e n t l y ,   i n   o u r  case t h e  
r e q u i s i t e   a c c u r a c y   f o r  v has  been  insured. 

S i n c e   t h e   i n c r e a s e s   i n  A t  h a v e   t h r e e   s i g n i f i c a n t   d i g i t s ,   t h e r e  i s  no 
p o i n t   i n   s e l e c t i n g  more t h a n   f o u r   s i g n i f i c a n t   d i g i t s   f o r  ct, 6, R ' .  On t h e  
other   hand,  as the   r eade r  may readi ly   ascer ta in ,   the   computa t iona l   formulas  
abso lu te ly   i n su re   t h i s   accu racy   fo r   t hese   quan t i t i e s   unde r   t he   cond i t ions   t ha t  
A and B have   fou r   dec ima l s .   Th i s   pe r t a ins   t o   t he   quan t i t i e s  F and  z. 

Thus, the   p roblem  of   se lec t ing   the  number of  decimals  has  been  solved. We 
should  emphasize  that   the   discussion  has   covered  purely  computat ional   errors  OC- 

cu r r ing   due   t o   t he   i n t e rmed ia t e   r e su l t s   be ing   rounded   o f f ,   and   no   men t ion   has  
been made of t h e   e r r o r   e n t a i l e d  when t h e   r e s i d u a l  terms of   the  computat ional  
formulas (5.14) are discarded.   This  l a t t e r  form  of e r r o r  was i n v e s t i g a t e d  / 4 9  
i n   S e c t i o n  4 ;  i n   o u r   s p e c i f i c  case, it may be   d i scussed  as follows. 

We have  taken  points  1 and 2 from  an exact so lu t ion   of   the   sys tem  of  equa- 
t i o n s  (2. l )  given by the  formulas  
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The reader  may r e a d i l y  see t h a t   t h e s e   f u n c t i o n s   a c t u a l l y   s a t i s f y   e q u a t i o n s  
(2.1).  H e  can   r ead i ly   ve r i fy   t he   va l id i ty   o f   t he   fo l lowing   r e l a t ionsh ips   a l so :  

A = - ( V T + l ) L ,  5 
7 a I 

B=y(rn- l )L .  5 t I 
The equat ions  for   the  character is t ics   have  the  fol lowing  form: 

s + f l  
a :  r = A,t ' , 

P :  

where X1 and X2 are a rb i t r a ry   cons t an t s .  

For   the   a -charac te r i s t ic   pass ing   th rough  po in t  1 ( r = l ,   t = 1 ) ,  w e  have 
Xl=l. For   the   8 -charac te r i s t ic   pass ing   th rough  po in t  2 ( r=1 .05 ,   t= l ) ,  w e  
ob ta in  X2=1.05. Solving  equations (6..3) toge ther ,  w e  f i n d   t h e   e x a c t  CO- 

o rd ina tes   o f   po in t  3 and   then ,   subs t i tu t ing  them i n  formulas  (6.2), w e  f i n d   t h e  
q u a n t i t i e s  A ,  By R,  v a t   t h i s   p o i n t .  The computations  yield:  

t = 1,06667, 
r = 1,07304, 
R = 1,024695, 
u = 0,450359, 
A = 2,61966, 
S = 1,18256. 
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After comparing  these  numbers  with  the  results  derived  from  numeri-  /50 
cal i n t e g r a t i o n ,  w e  f i n d   t h a t   t h e r e  i s  good agreement. The divergence  which 
occas iona l ly   occu r s   i n   t he   un i t   o f   t he  l as t  d i g i t  l ies  w i t h i n   t h e  framework  of 
computat ional   error .  

It is in t e re s t ing   t o   r epea t   t hese   computa t ions  by  means of   another   s tep  - 
f o r   i n s t a n c e ,  a d u p l i c a t e   s t e p .   I n   t h i s  case, w e  ob ta in  

I 1,ooOO 1,oooO 0,44258  0,8540 

I 0,3779  1,00000  0,7143 

d ,6755 2,6041 

"0,2700  0,3363  i;0923 1" "_ "_ _ _ ~  - 

-~ 
1,lOOo 1,oooo 
0,4158 i,loooO 

- 0 , 2 9 7 0  

479 45 
1,1512 6,1384 

95 4852. 
0,3436 1,05230 

0,47376  0,8776 
0,7857 

1,293i  2,8645 
0,3699  6,2015 

781 50 
0,45899  0,8331 

26 
0,7248 

1,1872 2,6368 
04 49 

8,3424 1,1072 

a7 40 

The fo rmulas   fo r   t he  exact s o l u t i o n s   l e a d   t o   t h e   f o l l o w i n g   r e s u l t s :  

t = 1,13438, 
r =l,14765, 
R= 1,048809, 
0 =0,457903, 
A =2,63457, 
B = 1,18929. 

The d i v e r g e n c e   i n   t h e   r e s u l t s  is ve ry   d i s t i nc t   he re ,  and t h u s   t h e   d u p l i c a t e  
s t e p  i s  excessive.  

The reader  may r e a d i l y   a s c e r t a i n   t h a t   t h e   r e c a l c u l a t i o n   q u a n t i t i e s   i n   t h e  
second  example are exac t ly   fou r  times g r e a t e r   t h a n   i n   t h e   f i r s t  example,  where 
they  comprise   s ix  and f o u r   u n i t s   o f   t h e  las t  ( four th)   dec imal   for  A and B. We 
may thus   conc lude   t ha t   i f  w e  had to   so lve   t he   p rob lem  in   wh ich   t he   change   i n  
t h e   q u a n t i t i e s  is c lose   to   those   g iven   by   formulas  (6.1), t hen   c lose   t o   po in t  
r=l, t=l (or  one  corresponding t o   i t )   r e c a l c u l a t i o n s  of 5-10 u n i t s   o f   t h e  l a s t  
decimal   would  resul t   for  A and B. 

The computational  formulas are s i g n i f i c a n t l y   s i m p l i f i e d   i n   t h e  case of SO- 
ca l l ed   i s en t rop ic   mo t ion  - i . e . ,  motion when the   en t ropy  i s  t h e  same through- 
o u t   t h e   e n t i r e  mass of the   subs tance .  The func t ion  v(R) may be  reduced  to  a 
cons tan t ,   and   the  l a s t  t e rms   van i sh   i n   t he   fo rmulas   fo r  A and B. The n e c e s s i t y  
of  computing v, R,  R ' ,  z, u i s  thus  e l iminated.  
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The arrangement of t h e   p o i n t   t h u s  assumes the   fo l lowing  form /51 

and the  computational  formulas are reduced   to   the   fo l lowing:  

I n   t h e   f l a t  case (y=O) t h e r e  i s  a f u r t h e r   s i m p l i f i c a t i o n ,  FEO, and  the 
formulas   for  A and B change as follows: 

It is t r u e   t h a t  Riemann has   a l ready   s tud ied   th i s  l as t  case ( f l a t   i s e n t r o p i c  
motion) i n   d e t a i l .  H e  i n d i c a t e d  several cases when t h e   s o l u t i o n  may be ex- 
p r e s s e d   i n   c l o s e d   a n a l y t i c a l  form*. 

We may a l s o   n o t e   t h e   c a s e  x = 3 .  A s  the  computational  formulas  have shown, 
then a=A, B=-B, which a l s o   s i m p l i f i e s   t h e   c a l c u l a t i o n .  

* See Landau, L. V . ,  L i f s h i t g  Y e .  M. Mechanics  of  Continuous Media 
(Mekhanika cploshnykh  sred) , Sect ion 98, MOSCOW, 1953. 
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We already  had  occasion  to   note   that   problems  in   which  the amount of 
p o i n t s   t o   b e  computed may amount t o  several thousand  cannot  be  regarded as an 
exception. It is apparent   that   the   problems  of   control ,   opportune  discovery,  
and   cor rec t ion   of   e r rors  is  of  very  serious  importance  here.  An er ror   which  
is no t   d i scove red   i n  t i m e  may e n t a i l   t h e   n e c e s s i t y  of repea t ing   the   ca lcu la-  
t i o n   f o r  a l a r g e   p a r t  of the  problem,  and  sometimes  for  the  entire  problem as 
a whole. 

The  method  of  computing "on two hands" is e x t r e m e l y   i r r a t i o n a l ,   i n  /52 
s p i t e  of a c e r t a i n   e f f e c t i v e n e s s ,   s i n c e  i t  l e a d s   t o   d u p l i c a t i o n   o f   t h e   e n t i r e  
computa t iona l   e f for t s .  It is recommended o n l y   i n   i n d i v i d u a l ,   p a r t i c u l a r l y  im- 
por tan t   par t s   o f   the   p roblem  ( for   example ,  when computing t h e   d i s i n t e g r a t i o n  
of t h e   d i s c o n t i n u i t y ) .  Methods  which control  the  ' ' smoothness" and  "evenness" 
of the   change   in  a l l  t h e   q u a n t i t i e s   a l o n g   t h e   c h a r a c t e r i s t i c s  are extremely 
advantageous  for  purposes  of a "concurrent"  and  "working''  control. It i s  
c l e a r   t h a t   t h i s  method is only  appl icable  when t h e   i n i t i a l   d a t a  of  the  problem 
a r e   q u i t e  'lsmooth." 

I f   t h e   s t e p s   a l o n g   t h e   c h a r a c t e r i s t i c s   a r e   a p p r o x i m a t e l y   t h e  same, then 
the   va lues   for   each  of t h e   q u a n t i t i e s  (A ,  B y  v,   u ,  z, e t  cetera)  must  change 
from p o i n t   t o   p o i n t  by approximately  the same value.  The changes i n   t h e s e  
increases  must occur   systematical ly .  Each  ''jumping  out"  of  any q u a n t i t y  
poin ts   to   the   necess i ty   o f   carefu l ly   checking   the   computa t ion ;   i f  no e r r o r s   a r e  
discovered,   then  the  " jumping  out"   must   be  c lar i f ied.  

It i s  recommended tha t   t he   r eca l cu la t ion   quan t i t i e s   be   cons t an t ly   wa tched  
du r ing   t he   p rocess ;   i n  a ce r t a in   s ense ,   t hey   no t   on ly   i nd ica t e   t he   r e s idua l  
terms, they   a l so   represent  a v e r y   e f f e c t i v e  method fo r   con t ro l l i ng   t he   co r -  
r e c t n e s s  of t h e   c a l c u l a t i o n s .  A s  a ru le ,   each   computa t iona l   e r ror   l eads   to  
an   abnormal   increase   in   the   reca lcu la t ions ,  and  each  "jumping  out"  of  the re- 
c a l c u l a t i o n s  must  be  immediately  investigated. The r e c a l c u l a t i o n   q u a n t i t i e s  
must not   only  be small, bu t   they   a l so  must  change  "smoothly"  from  point t o  
point ,   under   the  condi t ion  that   the   s teps   of   the   network  a lso  change 
"smoothly." 

I f   an   e r ror ,   which  was allowed a t  an earlier stage  and  remained  unnoticed, 
i s  d iscovered   dur ing   the   ca lcu la t iona l   p rocess ,   then   the   en t i re   reg ion   be tween 
the   cha rac t e r i s t i c s   emana t ing  from th is   e r roneous   po in t   ( i . e . ,   *propagat ion  
region of t h i s   p o i n t )  must   be  calculated  again.  However, i f   t h e   e r r o r  is small, 
so t h a t  i ts  square may be   d i s regarded ,   then   the   cor rec t ion  of t h e   r e s u l t s  may 
be   f requent ly   s impl i f ied   cons iderably .  

From the  general   theory  of   hyperbol ic   systems,  i t  is  known t h a t  small 
per turba t ions  are p ropaga ted   a long   t he   cha rac t e r i s t i c s ,   w i th   no   change   i n   t he i r  
magni tude   ( in   the   f i r s t   approximat ion) .  The per turba t ion   of  A is thus  propa- 
ga ted   a long   the   a -charac te r i s t ic ,   and   the   per turba t ion   of  B is propagated 
a long   t he   &charac t e r i s t i c ;   pe r tu rba t ion   o f  R and v is  propagated on t h e  tra- 
j ec to ry .   The re fo re ,   a f t e r   t he   e r roneous   po in t  is c o r r e c t e d ,   t h e   i n c r e a s e   i n  
A must  be  added t o   t h e   v a l u e s  of A a t  a l l  p o i n t s   o f   t h e   a - c h a r a c t e r i s t i c  
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emanating  from  the  corrected  point.  The same procedure  must   be  fol lowed  for  B. 
The s i t u a t i o n  is somewhat  more  complex f o r  R and v, s i n c e  R i s  n o t   i n t e g r a t e d  
on t h e   t r a j e c t o r y ,   b u t   a l o n g   t h e   c h a r a c t e r i s t i c s .   I f   o n l y  v is  i n c o r r e c t ,  
t h e n   t h i s   e r r o r  w i l l  no t   be   p ropaga ted   i n   gene ra l ,   s ince  a t  a l l  o t h e r  I 5 3  
p o i n t s  v is again  determined from the  functional  dependence  v(R).  The q u a n t i t y  
R must   be   cor rec ted   a long   those   charac te r i s t ics   over   which  it w a s  in tegra ted .  

- 

It is  recommended t h a t  a l l  t h e   p o i n t s   t o   b e  computed b e   p l o t t e d  on a 
graph. A graph  of r ,  t ,  which  presents  a p a r t i c u l a r l y   g r a p h i c   i l l u s t r a t i o n   o f  
the  computational  procedure,  is  one  of  the  main  graphs. The scales along  both 
axes must be   s e l ec t ed  so tha t   the   d i s tances   be tween  ad jacent   po in ts  are n o t  
small, i n   o r d e r   t o  make an   accu ra t e   de t e rmina t ion   o f   t he   d i r ec t ion  of t h e  
c h a r a c t e r i s t i c   s e c t i o n   b e t w e e n  them. These  sect ions are drawn along a r u l e r ,  
and   the   en t i re   ne twork   of   charac te r i s t ics  is  l a i d   o u t  on the   g raph   dur ing   the  
computational  process. 

It i s  a l s o  recommended that   graphs  of  A, t and B y  t be drawn i n   o r d e r   t o  
provide more comprehensive  control. It i s  t r u e   t h a t   t h e   f e a t u r e s  of   these 
graphs are complex as compared with  the  graph  of  r ,  t ( they may ''be super- 
imposed on each  other") ,   but   they make i t  q u i t e   e a s y   t o   v e r i f y   t h e   " l o c a l "  
smoothness of t h e   q u a n t i t i e s .  

D i f f e r e n t   f a c t o r s  may be  encountered  during  the  computat ional   process .  We 
s h a l l   i n d i c a t e  two of  them. 

I f   t h e   c h a r a c t e r i s t i c s  of one  andthe same set i n t e r s e c t   e a c h   o t h e r ,   t h i s  
indicates   the  development   of  a shock wave ('when t h e r e  are no  computational 
e r r o r s ) .  The s teps   which must b e   t a k e n   i n   t h i s  case w i l l  b e   p r e s e n t e d   i n   t h e  
fo l lowing   sec t ions .  

A s  w a s  a l r eady   i nd ica t ed   p rev ious ly ,   t he   p re s su re   can   d rop   t o   ze ro   i n  a 
substance  with  an  equat ion of s ta te  such as (5 .15 ) .   In   add i t ion ,  i t  may become 
negat ive.  A s  a r u l e ,   t h i s   i n d i c a t e s   t h e  development  of a so-called  separa- 
t i o n ; t h e  methods f o r  computing it  w i l l  be   presented a t  a la te r  poin t .  
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7. BOUNDARY CONDITIONS I 5 4  

The problems  of   gas   dynamics   do   no t   a lways   ho ld   for   the   en t i re   in f in i te  
s p a c e   f i l l e d   w i t h   g a s   o r   l i q u i d .  Very f requent ly  it is  n e c e s s a r y   t o  compute 
the  motion  of a s u b s t a n c e   f i l l i n g  a region  which i s  l i m i t e d   i n   s p a c e .  One 
t y p i c a l  case is the  motion  of a g a s   i n  a cy l indr ica l   tube   which  is covered a t  
both  s ides   with  plungers .   Moving,   according  to  a c e r t a i n  l a w ,  these   p lungers  
t ransmit   motion  to   the  substance  located  between them. The l a w  underlying 
the  motion  of   the  plunger   cannot   be  given as the  dependence  of i t s  coordinate  
on t i m e .  For  example,   the  plunger may s u s t a i n  a s p e c i f i c   p r e s s u r e  a t  i ts  sur- 
f ace .   In   pa r t i cu la r ,   depend ing  on the   condi t ions  of the   p roblem,   th i s   p ressure  
may be  zero;  w e  are then   dea l ing   wi th  a s u b s t a n c e   s c a t t e r i n g   i n t o   s p a c e .   I n  
one way or   another ,  a boundary  condition arises on the   p lunger   sur face .  

One c h a r a c t e r i s t i c   f e a t u r e  of  these  boundary  conditions i s  tha t   the   boundary  

moves acco rd ing   t o   t he  l a w  = u on t h e  r , t  plane,  i .e .  , i t  is  t h e   t r a j e c t o r y .  

In   o the r   words ,   t he re  is  no  flow of the  substance  through  the  boundary.  This 
f ac to r   p re sen t s   ce r t a in   advan tages  when computing  the  motion of a substance 
adjacent   to   the  boundary;   these  advantages l i e  i n   t h e   f a c t   t h a t   t h e   e n t r o p y   o f  
the   par t ic les   ad jacent   to   the   boundary   remain   cons tan t .   Therefore ,   on ly  one 
condi t ion is  s u f f i c i e n t   f o r  making a complete  determination  of  the  motion. 
However, i t  must   be  noted  that   th is   type  of   boundary  condi t ion i s  n o t  - /55 
uniquely   poss ib le ;  w e  s h a l l   v e r i f y   t h i s  a t  a l a t e r   p o i n t .  A t  t h i s   p o i n t  w e  

s h a l l   o n l y   i n v e s t i g a t e  a boundary   wi th   sa t i s f ies   the   condi t ion  - = u o r ,  which 

i s  t h e  same th ing ,  R = const .  

d t  

d r  
d t  

L e t  us assume tha t   the   boundary   def in ing  a substance  ( for   purposes  of 
d e f i n i t i o n )   t o   t h e   r i g h t  is given  (with i t s  boundary  condition). Its motion 
may be computed i n   t h e   f o l l o w i n g  manner. 

L e t  us assume t h a t   p o i n t  1 on the  boundary  (Fig.  13)  has  already  been 
ca lcu la ted .  We may then compute t h e   e n t i r e   6 - c h a r a c t e r i s t i c  1 - 1' i n   t h e  
usua l  way. L e t  us p l a c e  a c e r t a i n   p o i n t  2 on t h i s   c h a r a c t e r i s t i c .  L e t  us draw 

a s t r a i g h t   l i n e  - = u1 f r o m   p o i n t   1 , a n d   t h e   s t r a i g h t   l i n e  - = a2  from p o i n t  d r   d r  
d t   d t  

2 ,  and l e t  us   de te rmine   the   po in t  a t  which  they  intersect .   This  w i l l  b e   ( i n   t h e  
f i r s t   approximat ion)   the   fo l lowing   po in t  on the  boundary  which w e  s h a l l   d e s i g -  
n a t e  by t h e  number  3. A l l  the   remaining terms i n  i t  may be   ca lcu la ted  as 
follows. We f i r s t  have R 3  = R1 and v3 = VI .  In   add i t ion ,  w e  select t h e   f o l -  

l owing   r e l a t ionsh ip   a long   t he   a - cha rac t e r i s t i c  2 - 3: 

Since w e  know t p  and v3, w e  may f i n d  A 3  d i r e c t l y .  It is  necessary 
the   boundary   condi t ion   in   o rder  t o  compute B3. 

(7.1) 

t o   i n c l u d e  
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Figure 13 

L e t  us   formula te   th i s   condi t ion  as u = u(t)   (on  the  boundary) .  Then, 
knowing t 3 , w e  can  immediately  obtain  u3  and  then B3 ,  because - as may b e  
readi ly   seen  - 

A f t e r   t h i s  , the   "formal   calculat ion ' '  of the  remaining terms (z , a, 6 , F, R' ) 
i s  performed i n   t h e   u s u a l  way. 

I f  the  boundary  condition i s  g iven   i n   t he   fo rm of t he   func t ion   p=p( t ) ,  
w e  may immedia te ly   ob ta in   the   quant i t ies  z and c a t  p o i n t  3: 

We now f i n d  

The r e c a l c u l a t i o n  i s  performed i n   t h e   u s u a l  way. The coordinates  a t  p o i n t  
3 are . f i r s t   d e f i n e d  more accura te ly  on t h e   b a s i s  of the   equat ions  
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t h e n   t h e   q u a n t i t i e s  F2 and 22 may be  replaced  by  the  averaged  quant i t ies  - I56 

(F23 and 223) in   formula   (7 .1) ,   a f te r   which  B3 may b e  computed e i t h e r  from 
(7.2),  or  from ( 7 . 3 )  and  (7.4). 

I f   the   boundary  condi t ion is no t   g iven   i n   t he   fo rm  o f   t he   func t ion   u ( t )  
o r   p ( t ) ,   t hen   fo rmulas  (7.2)  - (7 .4 )  natura l ly   change ,   bu t   the  same goal  re- 
mains - B must  be  obtained  on  the  basis of t h e   s p e c i f i c  v and A by means o f   t he  
boundary  condition. 

B i s  in t eg ra t ed   fo r   t he   ' ' l e f t "   boundary   a long   t he   cha rac t e r i s t i c ;  A is ob- 
ta ined  from v,  B andthe  boundary  condition. 

L e t  u s   g i v e   t h e   t o t a l  set of computational  formulas  for an idea l   gas   and  a 
boundary  condition  having  the form u( t )   ( " the   r igh t"   boundary) :  

We must now pe r fo rm  the   r eca l cu la t ion   ( t he   quan t i t i e s   t o   be   ave raged  are given 
i n   t h e   p a r e n t h e s e s ) ,   a f t e r  which w e  may a d d i t i o n a l l y   c a l c u l a t e  
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For  purposes  of  control,  i t  is  advantageous t o   i n t e g r a t e  R a long   the  
s e c t i o n   o f   t h e   a - c h a r a c t e r i s t i c  2-3: 

R3 Rp, t. - R; + R; (ts.-  to). 
2 

(7.7) 

and t o  compare t h e   r e s u l t   o b t a i n e d   w i t h   t h e   q u a n t i t y   t r a n s f e r r e d  from p o i n t  
1. 

Point  2 on t h e  1-1' c h a r a c t e r i s t i c  is chosen  from  the  general   considera- 
t i o n s   r e l a t e d   t o   t h e  assumed  magnitude  of  the  step.  Just as previously,  /57 
w e  may employ t h e   r e c a l c u l a t i o n   q u a n t i t y  as a n   a d d i t i o n a l   c r i t e r i o n ,  as w e l l  
as the  divergence R in t eg ra t ed   acco rd ing   t o   fo rmula  (7 .7 )  wi th  the  value  of  
R t ransfer red   f rom  poin t  1. A s  p o i n t  2 ,  it is  more advantageous  to  take  one of 
t he   ca l cu la t ed   po in t s  - f o r  example,   the  one  closest   to  the  boundary. However, 
t h i s  is not   a lways  possible ,   s ince  the  s tep  a long  the  boundary may be  extremely 
la rge .  We mus t   t hen   r e so r t   t o   l t i n se r t ions t l   c lo se   t o   t he   boundary .  

The condi t ion p=O cor responding   to   expans ion   of   the   subs tance   in to   space  
i s  an   impor tan t   spec ia l  case of   the  boundary  condi t ion.   I f   the   equat ion  of  
s t a t e  always  has  the form (5.15), t hen   t h i s   cond i t ion  is e q u i v a l e n t   t o  z=1. 
We s h a l l  ca l l  t h i s  boundary  the  free  boundary. 

Since  z=1,  then  c=v.  Thus,  both u and c along  the  f ree   bounary were known 
p r e v i o u s l y .   T h e r e f o r e ,   a f t e r   i n t e g r a t i o n  of A ( i n   t h e  case of   the   " r igh t"   f ree  
boundary), B is  obtained  from  the  following  formula 

B =  2(h-  B)v-" 

The remaining  computation i s  performed i n   t h e   u s u a l  way on the  basis   of   formulas  
(7.5) .  

I n   t h e  case of   an   idea l   gas ,   condi t ion  p=O l e a d s   ( f o r   f i n i t e   v )   t o   t h e  
equat ion c=O, and i n   a d d i t i o n   t o  a=B. The boundary i s  a s p e c i a l   l i n e ,   s i n c e  
the   a - cha rac t e r i s t i c s   t ouch   t he   8 -cha rac t e r i s t i c  upon t h i s   l i n e .  It is t r u e  
tha t   f requent ly   the   mot ion   of   the   boundary   i t se l f  i s  determined  very  simply - i f  

t h e   d e r i v a t i v e  - a t  the  boundary is  f i n i t e ,   t h e n  i t s  v e l o c i t y  is  constant .  

However, t h e   r e g i o n   d i r e c t l y   a d j a c e n t   t o  i t  cannot  be computed by t h e  method of 
c h a r a c t e r i s t i c s .  

dc  
d r  
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8. EXPANSION WAVES - 158 

L e t  us f i r s t   i n v e s t i g a t e   f l a t   i s e n t r o p i c   m o t i o n ,  i .e. ,  t h e  case of v = 0, 
v = const.  The region on t h e  r , t ,  p l a n e   i n  which  one  of t h e  Riemann i n v a r i a n t s  
(A o r  B) r e t a i n s  a cons tan t   va lue  is  c a l l e d  a s imple  B. 

For  example, l e t  us set B = cons t   i n   t he   s imp le  wave. L e t  u s   i n v e s t i g a t e  
a ce r t a in   ( a rb i t r a ry )   a - cha rac t e r i s t i c .   S ince   t he   co r re spond ing  Riemann in- 
variants are a l w a y s   c o n s t a n t   a l o n g   t h e   c h a r a c t e r i s t i c s   i n   t h e   f l a t   i s e n t r o p i c  
case, a long   ou r   a - cha rac t e r i s t i c  A = const w i l l  hold.   Thus,   since B = cons t ,  
it immedia te ly   fo l lows   tha t   any   quant i ty   (except   for   the   coord ina tes  t ,  r, R ) ,  
p a r t i c u l a r l y  a, w i l l  b e   c o n s t a n t   a l o n g   t h i s   c h a r a c t e r i s t i c .  And s i n c e   t h e  equa- 

t i o n  o f   t h e   c h a r a c t e r i s t i c  is - = a t h e   c h a r a c t e r i s t i c  w i l l  be a s t r a i g h t  

l i ne .   S imi l a r ly ,   t he re  w i l l  b e   r e c t i l i n e a r   6 - c h a r a c t e r i s t i c s   i n   t h e   s i m p l e  
wave wi th   the   condi t ion  A = const .  We s h a l l  ca l l  t h e s e   c h a r a c t e r i s t i c s   l o n g i -  
t u d i n a l  ( i .e . ,  t h e   a - c h a r a c t e r i s t i c s   i n   t h e  case of B = const   and  the 6- 
c h a r a c t e r i s t i c s   i n   t h e  case of A = cons t ) .  We s h a l l   t h e   c h a r a c t e r i s t i c s  of t h e  
oppos i te  se t  t r a n s v e r s e   c h a r a c t e r i s t i c s .  We should   po in t   ou t   tha t   the   t rans-  
ve r se   cha rac t e r i s t i c s   mus t  by no means b e   r e c t i l i n e a r .  

d r  
d t  

A simple wave i s  c a l l e d  a centered wave, i f  i ts  long i tud ina l   cha rac t e r i s -  
t i c s  pass  through  one  polnt  (apex  of  the  wave).   Figure  14 shows two types  of 
centered  s imple  waves.   After   convergence,   the   f i rs t   type  of  wave changes i n t o  
a shock  wave,  but  absolutely  not  into a simple wave of  the  second  type.  

r .  

Figure 14 

For  purposes   of   def ini t ion,  l e t  u s   i n v e s t i g a t e  a centered  s imple wave i n  
which B = const.  We s h a l l   u s e  ro, t o  to   des igna te   the   coord ina tes   o f   the  wave 
apex.  Since a is t h e   a n g u l a r   c o e f f i c i e n t  of t h e   t a n g e n t   t o   t h e   a - c h a r a c t e r i s t i c ,  
a n d   t h e s e   c h a r a c t e r i s t i c s  are r e c t i l i n e a r ,  a t  any p o i n t  on our  wave w e  have 

57 



r 

Figure  14a 

or,   assuming  that  

r -ro 
” 

8 -  do 
- E ,  

we obta in  

a =€. 

Expressing a and B by c and u,  w e  ob ta in  

u + c = E ,  
~ h - ” ) c - u = i ,  

and so lv ing   fo r  u and c ,  w e  ob ta in  

/59 

Since h>O always, c increases   a long  with 5. It can   be   r ead i ly   s een   t ha t   i n  
t h e  f irst  type of wave (Figure 14)  5 a l s o   i n c r e a s e s   w i t h   a n   i n c r e a s e   i n  t f o r  
constant  r. In  the  second  type  of  wave, t he   oppos i t e  is t r u e ,  and 5 decreases  
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wi th   an   i nc rease   i n  t i n   t h e  case of r = const .  The q u a n t i t y  c changes a t  t h e  
same s i d e ,  and s i n c e  v = cons t ,  i t  can  be  readily  determined on t h e   b a s i s  of 
f o r m u l a s   ( 5 . 1 1 )   t h a t   i n   t h e   f i r s t  case p and p a l so   i nc reases   w i th   an   i nc rease  
i n  t ( for   cons tan t   r ) ,  and in   t he   s econd  case, the   oppos i t e  i s  t r u e  and  they 
decrease.   Therefore,  a simple wave of t h e   f i r s t   t y p e  i s  c a l l e d  a compression 
wave, and a simple wave of  the  second  type is c a l l e d  an expansion wave. 

Formulas  (8.2)  provide a complete   solut ion of equat ions  (2 .1)   in  a cen- 
t e r ed ,   s imp le  wave. Actual ly ,  w e  may express  any q u a n t i t y  by u,  c y  and v (we 
should remember t h a t  v i s  the  given  constant) .   For  example,  i t  can  be /60 
r e a d i l y  shown t h a t  

A = 2 - E + - B B ,  h - - i   h - 2  
h h 

p = -  E"". h - 2  2 
h h 

The l a t t e r   r e l a t i o n s h i p  makes i t  p o s s i b l e   f o r   u s   t o   f i n d   t h e   e q u a t i o n   f o r   t h e  
t r a n s v e r s e   c h a r a c t e r i s t i c s .  By i n t e g r a t i n g   t h e   e q u a t i o n  

a f t e r  s i m p l e  computations w e  ob ta in  

where A i s  an a r b i t r a r y   c o n s t a n t .  

From th i s   po in t   on ,  w e  sha l l   on ly   be   i n t e re s t ed   i n   an   expans ion  wave. L e t  
u s   i n v e s t i g a t e   t h e  moment to  a t  which i t  i s  formed (Figure  15) .   Since  the 
q u a n t i t i e s   u ,  c y  p, p, e t  cetera, have   d i f fe ren t   va lues ,   genera l ly   speaking ,  
on t h e   l o n g i t u d i n a l   c h a r a c t e r i s t i c s   d e f i n i n g  i t ,  a t  t h e  moment t = t o  t h e s e  
q u a n t i t i e s  w i l l  undergo a d i s c o n t i n u i t y   a t   t h e   p o i n t   c o r r e s p o n d i n g   t o   t h e  wave 
apex. A graph  of   the  funct ion-   u(r)  w i l l  have  the  form shown i n   F i g u r e  1 6  a t  
t h i s  moment. 

However, t h e   q u a n t i t i e s  v and B y  be ing   cons t an t   ove r   t he   en t i r e   r eg ion  OC- 

cupied by the  expansion wave, w i l l  not  undergo 2 d i s ~ c o n t i n u i t y .  

In   add i t ion ,  i t  follows  from (8.2) t h a t  u is always greater t o   t h e  /61 
r i g h t  o f   t he   d i scon t inu i ty   t han  i t  is t o   t h e   l e f t   ( t h i s  i s  v a l i d   n o t   o n l y   f o r  
t h e  "B-wavell under   considerat ion,   but  also f o r   t h e  "A-wave"). 

Thus, i n   o r d e r   t h a t   t h e   e x p a n s i o n  wave be formed  from the   d i scont inuous  
i n i t i a l   d a t a ,   t h e   f o l l o w i n g   t h r e e   c o n d i t i o n s   m u s t   b e   f u l f i l l e d :  
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Figure 15 

(a) There  is  no  jump  in  the  entropy  at  the  discontinuity  point; 

(b) One  of  the  Riemann  invariants (A or B) is also  continuous; 

(c) The  quantity u is  greater  to  the  right  of  the  discontinuity  than  it 
is  to  the  left. 

I 
I IJ . ” 

r0 r 

Figure 16 

If one  of  these  conditions  were  disturbed,  the  entire  phenomenon  would  be 
more  complex. 

The  discontinuity  producing  the  expansion  wave  exists  for  only  one  in- 
stant;  all  of  the  quantities  will  be  continuous  at  any  subsequent  moment,  for 
example,  at  the  moment t =- tl (Figure 15). A graph of the  velocity u will  have, 
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Figure  17 

for  example,  the  same  form  (Figure 17). The  quantity  u  is  continuous  at  the 

points  rl  and  r2,  and  its  derivative - undergoes  a  discontinuity.  Discon- 
tinuities  of  this  type  are  called  first-order  discontinuities.  Thus,  the  outer 
longitudinal  characteristics  of  an  expansion  wave  represent  first-order  discon- 
tinuities. 

au 
ar 

We  indicated  above  the  three  conditions  under  which  an  expansion  wave  may 
develop  from  the  initial  discontinuity.  Are  these  conditions  sufficient? 

If  there  is  a  region  near  the  expansion  wave,  within  which  the  solu- /62 
tion  is  given  by  formulas  such  as (8.2), then  it  must be stated  that  these  con- 
ditions  are  insufficient.  Additional  restrictions  must  be  imposed  on  the  dis- 
continuity - namely,  along  one  of  its  sides  the  entropy  and  the  corresponding 
Reimann  invariants  are  constant. 

However,  if  these  latter  conditions  are  not  fulfilled,  the  motion  after  the 
discontinuity  will  have  the  same  nature  from  the  qualitative  viewpoint.  The 
longitudinal  characteristics,  not  being  rectilinear,  will  emanate  from  one 
point  just  as  before  (Figure 18). The  entropy  and  the  Reimann  invariant,  not 
being  constant,  will  change  very  slightly  close to the  wave  apex.  The  outer 
longitudinal  characteristics  will  be  lines  of  first-order  discontinuities, 
et  cetera. 

The  motion  will  have  the  same  nature  not  only  in  the  plane,  but  also  in  the 
cylindrical and spherical  cases.  It is only  important  that  the  initial  dis- 
continuity  satisfy  the  three  conditions  indicated  above. 

Therefore,  from  this  point  on we shall  use  the  term  expansion  wave  to 
designate  the  region  on  the r, t- plane occupied by the  characteristics  emanat- 
ing from  the  discontinuity  point  satisfying  the  three  conditions  formulated 
above . 

Within  such  a  “generalized”  expansion  wave,  u  and  c  will  not  satisfy  the 
relationships ( 8 . 2 ) .  Nevertheless,  these  formulas  provide  the  main  terms of 
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Figure   18  

t h e   f u n c t i o n s   u ( r ,   t )  and c ( r ,   t ) .   I n   t h e   g e n e r a l  case, t h e   f u n c t i o n  - 163 
u(r ,  t) within  the  expansion wave is expanded i n  series such as the   fo l lowing:  

and  the  funct ion f 0 ( E )  co inc ides   w i th   t he   r i gh t   pa r t   o f   t he   f i r s t   f o rmula  
(8.2).  

A l l  of  the  remaining terms permit similar expansions. 

The expansion wave apex i s  a p a r t i c u l a r   p o i n t ,   s i n c e   t h e   q u a n t i t i e s  
u, cy p ,  p, e t  cetera, a l o n g   d i f f e r e n t   c h a r a c t e r i s t i c s   h a v e   d i f f e r e n t   l i m i t i n g  
va lues  a t  t h i s   p o i n t .   N e v e r t h e l e s s ,   n o   p a r t i c u l a r   d i f f i c u l t i e s  are e n t a i l e d  
i n   c a l c u l a t i n g   t h e   e x p a n s i o n  wave. 

For  example, l e t  us ca lcu la t e   t he   expans ion  wave shown i n   F i g u r e  18. The 
reg ion   be tween  the   ou ter   f i r s t -order   d i scont inui t ies  is f i l l e d   w i t h   a n   i n -  
f i n i t e  number of   a-character is t ics   emanat ing  f rom  the wave apex. In  performing 
this   computat ion,  w e  must conf ine   ou r se lves   t o  a c e r t a i n   f i n i t e  number of 
c h a r a c t e r i s t i c s .  It is imposs ib l e   t o   g ive  a universal fo rmula   fo r   s e l ec t ing  
t h i s  number. Experience  must   be  the  guide  in   each  separate  case, and  sometimes 
t r i a l  computations  for a small reg ion   c lose  to the  apex  must serve as a guide. 
L e t  us assume t h a t  w e  have  decided  to  "release" f i v e   c h a r a c t e r i s t i c s   ( i n c l u d i n g  
t h e   o u t e r   c h a r a c t e r i s t i c ) .  
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The r e g i o n   l o c a t e d   t o   t h e   r i g h t  of the  expansion wave can  be  calculated 
' in   the   cus tomary  way up t o   t h e   o u t e r m o s t ,   r i g h t   c h a r a c t e r i s t i c  of t h e  wave, in-  

c lus ive ly .  L e t  us   t ake  a p i e c e  of paper ,  d iv ide  i t  - as is  customary - i n t o  
squares ,  and l e t  us   d raw  the   po in ts   for   the   ou termost ,   r igh t   a -charac te r i s t ic  
i n   t h e   u p p e r   h o r i z o n t a l   l i n e   ( t h e s e   p o i n t s  are designated by c r o s s e s   i n   t h i s  
d i a g r a m ) .   I n   t h e   f a r   l e f t   v e r t i c a l  column, sk ipping   th ree   squares ,  le t  us  draw 
the   po in t   co r re spond ing   t o   t he   l e f t   s ide  of t h e   i n i t i a l   d i s c o n t i n u i t y  - i .e.,  
t h e   i n i t i a l   p o i n t  of t h e   o u t e r ,   l e f t  wave cha rac t e r i s t i c   (des igna ted  by X). 
Then, i n   t he   t h ree   i n t e rmed ia t e   squa res   (des igna ted  by c i r c l e s )  l e t  us draw 
the   po in ts   compi led   in   the   fo l lowing  way: 

The q u a n t i t i e s  t ,  r ,  R ,  v ,  B a t  these   po in ts   co inc ide   wi th  and 164 
equal   the   cor responding   quant i t ies  a t  t h e   p o i n t s   a l r e a d y  drawn i n   t h e   l e f t  
v e r t i c a l  columns ( a t  which  they  must  coincide  with  each  other,  according  to  the 
c o n d i t i o n s   i n   t h e   i n i t i a l   d i s c o n t i n u i t y ) .  With r e s p e c t   t o  A, a t  t h e s e   t h r e e  
points   the  values   lying  between  the  upper  (+) and the  lower (X) po in t s  are 
recorded, so t h a t   t h e   v a l u e s  of A d i f f e r  from  each  other by t h e  same amount a t  
each of t he  two s u b s e q u e n t   p o i n t s   i n   t h e   l e f t   v e r t i c a l  column. 

The remaining terms (2, u,  a, 8 ,  R ' ,  F) can  be computed acco rd ing   t o   gene ra l  
r u l e s .  

We now have two series of   po in ts ,   fo rmal ly   compr is ing   the   in i t ia l   da ta   for  
the  Goursat  problem.  Using  general   rules,  w e  may compute a l l  of t h e   p o i n t s  
l oca t ed   i n   t he   fou r   ho r i zon ta l   l i nes   beg inn ing   w i th   t he   po in t s   wh ich  are desig- 
nated by c i r c l e s  and X. The expansion wave w i l l  be  computed i n   t h i s  way. 

The ques t ion   a l ready  arises at  the  beginning  of   the  calculat ion as t o  
whe the r   t he   nmber   o f   cha rac t e r i s t i c s  w e  have  "released"  from  the wave apex i s  
s u f f i c i e n t .   I f   t h e   r e c a l c u l a t i o n   ( o r   o t h e r   i n d i c a t i o n s )   i n d i c a t e s   t h a t   t h e  
s t e p s  are excess ive ly   l a rge ,  w e  must  then repeat t h e   i n i t i a l   d i v i s i o n ,   i n c r e a s -  
i ng   t he  amount of i n t e r m e d i a t e   p o i n t s .   I f ,  on the   o the r   hand ,   t he   s t eps  are 
excess ive ly  small, it i s  recommended that   the   "discarding"  of   the  points  is no t  
done i n   h a s t e ,   s i n c e   t h e   s t e p s   i n i t i a l l y   i n c r e a s e   v e r y   r a p i d l y   a l o n g   t h e   t r a n s -  
v e r s e   c h a r a c t e r i s t i c s   i n   t h e   e x p a n s i o n  wave. It is recommended t h a t   t h e  
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Figure 1 9  

i n i t i a l   d i v i s i o n   b e   p e r f o r m e d   w i t h  a ce r t a in   r e se rve , s ince ,  as a r u l e ,  /65 
i t  i s  subsequent ly   necessary   to   resor t   to   " inser t ions"   which  are f requent ly  re- 
peated. 

- 

The ou te r   cha rac t e r i s t i c s   o f   t he   expans ion  wave are f i r s t -o rde r   d i scon-  
t i n u i t i e s .   I n   p r a c t i c e ,   t h i s  means tha t   i n t e rpo la t ion   canno t   be   pe r fo rmed  
th rough   t hese   l i nes ;  when s e l e c t i n g   t h e   p o i n t s   f o r   i n t e r p o l a t i o n ,  one  must 
a s c e r t a i n   t h a t   t h e  mean point   does   not  l i e  on t h e   f i r s t - o r d e r   d i s c o n t i n u i t y  
l i n e .   F i n a l l y ,   i n t e r p o l a t i o n  i s  fu l ly   admiss ib l e   a long   t he   f i r s t -o rde r   d i scon-  
t i n u i t y .  

I n  view  of t h i s   f a c t ,  it m u s t   b e   p a r t i c u l a r l y   n o t e d   t h a t   t h e   f i r s t - o r d e r  
d i scont inui t ies   a re   no t   confused   wi th   the   cus tomary   charac te r i s t ics .   For  ex- 
ample,  they may b e   c i r c l e d   w i t h  a r e d   p e n c i l  on t h e  r ,  t-graph. It is  a l s o  
recommended tha t   the   cor responding  characteristics be   des igna ted  on the   pages  
being  used. 

I f   t he   f i r s t -o rde r   d i scon t inu i ty   r eaches   t he   boundary   desc r ibed   i n   Sec t ion  
7 ,  it is  "ref lected"  f rom i t  by   t he   f i r s t -o rde r   d i scon t inu i ty   ( s ee   F igu re  19 ,  
where   t he   f i r s t -o rde r   d i scon t inu i ty  is  designated  by  the  double   l ine) .  

We must a l s o   k e e p   t h e   f a c t   i n  mind tha t   wi th   the   passage   of  t i m e  t h e   f i r s t -  
o rder   d i scont inui t fes   have  a tendency  to  weaken, s o  t h a t   t h e   d i s c o n t i n u i t i e s  
o f   t he   func t ions   fo r  them become less s ign i f i can t .   The re fo re ,  it is  f requent ly  
p o s s i b l e   t o   d i s r e g a r d   t h e   " o l d "   f i r s t - o r d e r   d i s c o n t i n u i t y  a t  t h e  moment which is  
advantageous  for   this ,   and t o  perform a small, a d d i t i o n a l  "smoothing" o f   t he  
r e g i o n   a d j a c e n t   t o  it. 
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9 .  DISCONTINUITIES (GENERAL  PROPERTIES) - /66 

The i n i t i a l   d i s c o n t i n u i t y  of an  expansion wave, which w a s  i n v e s t i g a t e d   i n  
the   p receding   sec t ion ,   ex is t s   on ly   for   one   ins tan t .  However, as is w e l l  known 
from  hydrodynamics,  more s t a b l e   d i s c o n t i n u i t i e s   e x i s t i n g   f o r  a long  per iod of 
time may appear   in   an   idea l ,   compress ib le   l iqu id .  The d i scon t inu i ty   po in t  
(corresponding  in   space  to   the  discont inui ty   surface,   which is f l a t ,   c y l i n d r i -  
cal, o r   s p h e r i c a l   i n   o u r   c a s e )  moving along  the r, t -p lane   descr ibes  a l i n e  - 
t he   d i scon t inu i ty   l i ne .  When passing  through  this   l ine ,   the   hydrodynamic 
quan t i t i e s   (u ,  p, e t  c e t e r a ,   b u t   n o t  r ,  t ,  R) perform  jumps. The l i m i t i n g  
va lues   o f   t hese   quan t i t i e s  on bo th   s ides  of t h e   d i s c o n t i n u i t y   f u l f i l l   d e f i n i t e  
condi t ions which w e  s h a l l  now b r i e f l y   d e r i v e .  

L e t  AB b e   t h e   d i s c o n t i n u i t y   l i n e .  It d iv ides   t he  r ,  t -p l ane   i n to  two 
p a r t s ,  which w e  s h a l l   d e s i g n a t e  by the   i nd ices  1 and 2 (Figure 20).  L e t  us  
enc lose   an   in tegra l  on t h i s   l i n e  by a closed  shape  having  the form of a narrow 
band; l e t  t h e   s h a p e   i n t e r s e c t   t h e   d i s c o n t i n u i t y   l i n e  a t  t h e   p o i n t s  C and D. 

Figure 20 

The i n t e g r a l  l a w s  of  conservation  (1.19) are v a l i d   f o r  any closed  shape,  
independent ly   of   whether   the  integrands are con t inuous .   In   pa r t i cu la r ,  w e  may 
apply them to  our   shape.  We sha l l   dec rease   t he   w id th  of  our  band,  keeping  the 
po in t s  C and D s t a t i o n a r y ;   t h e   s h a p e   j o i n s   t h e  C segment  of  the  discontinuity 
l i n e  a t  the  l i m i t .  L e t  us  determine  what  the l a w s  of  conservation  (1.19)  pro- 
v ide   us   wi th  a t  t h e  l i m i t .  

F i r s t  of a l l ,  w e  may d i s c a r d   t h e   p a r t s   c o r r e s p o n d i n g   t o   i n t e g r a t i o n  /67 
over an i n f i n i t e l y  small " t ransverse"   contour   in te rva l   conta in ing   the   po in ts  
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C and D i n   t h e   c o n t o u r   i n t e g r a l s  on t h e   l e f t .  Only  two l i n e a r   i n t e g r a l s  re- 
main - from p o i n t  C t o   p o i n t  D i n   r e g i o n  1, and  from po in t  D t o   p o i n t  C i n  re- 
gion 2. In  add i t ion ,   s ince   t he   band  area van i shes ,   t he   i n t eg ra l   ove r   t he   su r -  
f a c e   d i s a p p e a r s   i n   t h e   r i g h t   p a r t  of t h e  l a w  of  conservation of momentum 
[second  equation  (1.19)].  A l l  t h r e e  l a w s  of  conservation assume the  fol lowing 
f o m  

D 

The indices  1 and 2 i n d i c a t e   i n  what   region  ( i .e . ,  a t  which  side of the  discon-  
t i nu i ty   l i ne )   t he   va lues   o f   t he   i n t eg rands   mus t   be   s e l ec t ed .  Both i n t e g r a l s  
are se lec ted   a long   the  CD i n t e r v a l  of t h e   d i s c o n t i n u i t y   l i n e .  

Relat ionship  (9 .1)   can  be  rewri t ten as fol lows:  

D D 

L e t  t h e   e q u a t i o n   f o r   t h e   d i s c o n t i n u i t y   l i n e   b e  dt = D so  t h a t  D is  the   ve loc i ty  of 

t he   d i scon t inu i ty   su r f ace   i n   space .  Then equation  (9.2) assumes the  fol lowing 
f o m  

d r  

However, s i n c e   t h e  CD i n t e r v a l  may be   comple te ly   a rb i t ra ry ,   the   fo l lowing  equa- 
t i on   fo r   t he   i n t eg rands   fo l lows  from the   equa t ion   fo r   t he   i n t eg ra l s   (9 .3 ) :  

This i s  t h e   d e s i r e d   r e l a t i o n s h i p  on t h e   d i s c o n t i n u i t y   l i n e .  We must now only 
s u b s t i t u t e   t h e   s p e c i f i c   e x p r e s s i o n s   f o r   t h e   i n t e g r a n d s  from t h e  laws of  con- 
serva t ion   (1 .19)   in   (9 .3 ' ) .   ins tead   of  f and  g.  Thus,  the  factors r v  a r e  elimi- 
nated,  and w e  ob ta in   t h ree   r e l a t ionsh ips :  

(9.4) 
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which  can  be  rewrit ten as: 

The d i s c o n t i n u i t i e s  may be   d iv ided   in to  two types  which are d i f f e r e n t  
q u a l i t a t i v e l y .  The f i r s t   t y p e   i n c l u d e s   d i s c o n t i n u i t i e s   t h r o u g h  whose su r face  
t h e r e  is  no  flux  of matter; t h e s e   d i s c o n t i n u i t i e s  are ca l led   contac t   d i scon-  
t i n u i t i e s .  It can   be   r ead i ly   s een   t ha t   t h i s   cond i t ion  may b e   w r i t t e n   i n   t h e  
following form 

D = 11, 

and w e  may use  both  ul  and u2 f o r   $ b e c a u s e   t h e   f i r s t   e q u a t i o n   ( 9 . 5 )  shows t h a t  
the   condi t ions  D = u1  and D = u2 are equiva len t .  It t h u s   f o l l o w s   d i r e c t l y   t h a t  

u1= ut. 

I n   a d d i t i o n ,  w e  obtain  the  fol lowing  f rom D - u1 = D - u2 = 0, acco rd ing   t o   t he  
second  equation  (9.5) : 

P I  = P2. 

The t h i r d  l a w  of conservat ion  does  not   provide  anything new. 

Thus, t h e   c o n t a c t   d i s c o n t i n u i t y  may be  character ized by the  fol lowing re- 
l a t i o n s h i p s  : 

On the  r ,  t - p l a n e ,   t h e   c o n t a c t   d i s c o n t i n u i t y   l i n e   r e p r e s e n t s   a n   o r d i n a r y  tra- 
j e c t o r y ;   t h e   p a r t i c l e v e l o c i t y  u  and the   p re s su re  p remain  constant when passing 
t h r o u g h   t h i s   l i n e .  The dens i ty  p and the  entropy s undergo a d i scon t inu i ty .  
Tie su r face  of t h e   c o n t a c t   d i s c o n t i n u i t y   i n  space d i v i d e s   s u b s t a n c e s   i n   d i f f e r -  
e n t  thermodynamic states - for  example,   having a d i f fe ren t   t empera ture  - i n t o  
two parts. In   v i ew  o f   t he   f ac t   t ha t   t he re  is no thermoconduct iv i ty ,   th i s  t em-  
pera ture   d i f fe rence   cannot   be   equal ized .  

Sur faces   d iv id ing   d i f fe ren t   subs tances   mus t   per ta in   to   contac t   d i scont in-  
u i t i e s .   I n   t h i s   c a s e ,  it may b e   s t a t e d   t h a t   t h e   e q u a t i o n  of state changes on 
t h e  r ,  t plane on the   con tac t   d i scon t inu i ty   l i ne .  The re la t ionships   (9 .6)  
always  remain i n   f o r c e .  
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We would l i k e   t o   p o i n t   o u t   t h e   o b v i o u s   f a c t   t h a t   t h e   c o n t a c t   d i s c o n t i n u i t y  
l i n e  on t h e  r, t p lane  is always  t imelike.  

Discont inui t ies   of   the   second  type - those  through  which  there is a & 
f l u x  of matter - are cal led  shock waves. Relationships  (9.5)  cannot  be  simpli-  
f i e d   f o r  them, as was  t h e  sase f o r   c o n t a c t   d i s c o n t i n u i t i e s .  However, we  can 
t r ans fo rm  these   r e l a t ionsh ips .  We may exclude D - ul and D - u2 from  them. 

F i r s t  of a l l ,  s o l v i n g   t h e   f i r s t  two equa t ions   w i th   r e spec t   t o  D - ul and 
D - u2 w e  o b t a i n  

D-u1= 
P l  (Ur"u3 ' 

D-ug= A"m 
PI (Ur"3 I (9.7) 

and, i n   a d d i t i o n  

Subt rac t ing   the   second  equat ion   f rom  the   f i r s t   (9 .7) ,  w e  have 

o r  

S u b s t i t u t i n g   t h e   q u a n t i t i e s  p 1  (D - ul) and p 2 ( D  - u2) from  (9.8) i n   t h e  
th i rd   equat ion   (9 .5) ,  w e  ob ta in   the   fo l lowing   (changing   s igns   in   bo th   par t s )  

As may be   r ead i ly   s een ,   t he   r i gh t   s ide  may b e   w r i t t e n   i n   t h e   f o l l o w i n g  form 

@1+ u3 @2 - m) + @1+ Pa) (up - UI) 
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o r ,   a f t e r   c o n t r a c t i o n ,  

The s e c o n d   f a c t o r   i n   t h e   r i g h t   s i d e  is  - (e-- ?)according to  (9.9).   There- 
f o r e ,  w e  have 

(9. l o )  

It follows  from  (9.9)  that  - /70 

S u b s t i t u t i n g   t h i s   i n   ( 9 . 7 ) ,  w e  have 

(9.11) 

L e t  us i n t roduce   t he   fo l lowing   no ta t ion  

.=PI; 
P1 

where 0 i s  the  compression  through  the  shock wave. Then (9.11) may be re- 
w r i t t e n   i n   t h e   f o r m  

(9.12) 

Thus,  on the  basis   of   (9 .9) ,   (9 .10)  and  (9.11) w e  can w r i t e  t h e   r e l a t i o n -  
s h i p s   f o r   t h e   s h o c k  wave in   t he   fo l lowing   fo rm 

D - = (us - u,), 
Pz - P1 1 I 

(9.13) 

Up t o   t h i s   p o i n t ,   t h e   i n d i c e s  1 and 2 w e r e  a p p l i e d   t o   r e g i o n s   l y i n g  on 
bo th   s ides   o f   t he   shock  wave, i n  a completely  arbitrary  manner.  We s h a l l  now 
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s t i p u l a t e   t h a t   t h e   i n d e x  1 des igna te s   t he   r eg ion  from  which  the  flux  of matter 
i s  d i rec ted   th rough  the  wave, and the   index  2 des igna tes   the   reg ion   to   which  
t h i s   f l u x  is d i r ec t ed .  The Lagrangian  coordinate R a long  the  shock wave f r o n t  
must  change. I f  it inc reases   (w i th   an   i nc rease   i n  t),  in  t h e   c y l i n d r i c a l  and 
s p h e r i c a l   c a s e s   t h i s  w i l l  be  a d i v e r g i n q w a v e ;   i f  R dec reases ,   t he  wave w i l l  be 
a converging wave. For  purposes  of  uniformity, we s h a l l   u s e   t h e s e  terms (di-  
verging and  converging  waves) i n   t h e   f l a t  case. For  the  diverging  waves,   the 
r e g i o n   l y i n g   t o   t h e   r i g h t  of t h e   d i s c o n t i n u i t y   l i n e  (on t h e  r,  t plane)  i s  
designated by the  index 1, a c c o r d i n g   t o   o u r   d e f i n i t i o n ;   f o r   t h e   c o n v e r g i n g  
waves,   the  index 1 d e s i g n a t e s   t h e   r e g i o n   t o   t h e   l e f t  of t he   d i scon t inu i ty .  

L e t  us w r i t e  the   equat ion  of state f o r  matter i n   t h e   f o l l o w i n g  form 

P = Po.’, s). 

When an i n v e s t i g a t i o n  of  shock waves i n  matter is  performed i n  hydrodynamics, 
the  fol lowing  condi t ion is usua l ly  imposed 

-(-) ds 1 > 0. 
dP2 P (9.14) 

We s h a l l   a l s o   a d h e r e   t o   t h i s   s t i p u l a t i o n .  The equations  of s ta te  which /71 
w e  discussed  above  sat isfy  condi t ion  (9 .14) .  

The fo l lowing   proper t ies  of shock  waves are p resen ted   i n   cou r ses  on  hydro- 
dynamics  under  the  condition  of  (9.14): 

1. Shock waves are always  compression  waves, i .e . ,  the  fol lowing  ine-  
q u a l i t i e s  are always  val id  

(The so-cal led Cemplen theorem). 

2. The fo l lowing   double   inequal i ty  is  f u l f i l l e d   f o r   d i v e r g i n g   s h o c k  waves 

al> D > ae, 

and for  converging waves the  fol lowing is  f u l f i l l e d  

P1 < D < Pz. 
3. For  an  ideal   gas ,  and a l s o   f o r  a l l  the   equat ions  of s ta te  inves t iga t ed  

p rev ious ly ,   t he   r a t io  &L is l imi t ed :  
P 1  
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w h i l e   t h e   r a t i o  ?may be as l a r g e  as desired.  
P1 

4. The q u a n t i t y  u i s  always smaller t o   t h e   r i g h t   o f   t h e  wave f r o n t  (on 
t h e  r, t plane)   than i t  is t o   t h e   l e f t  o f   t he   f ron t   (bo th  €or converging  and 
fo r   d ive rg ing  waves). 

Together w i t h  equat ions (9.13), t h e   f i r s t   c h a r a c t e r i s t i c   e n t a i l s   t h e   f o l -  
l owing   i nequa l i ty   fo r  a l l  our  substances 

The entropy must i n c r e a s e  on the  shock wave f r o n t .  

The second   cha rac t e r i s t i c   i nd ica t e s   t he   pos i t i on   o f   t he   shock  wave f r o n t  
l i n e  on t h e  r, t -p l ane   w i th   r e spec t   t o   t he   g r id   o f   t he   cha rac t e r i s t i c s .   Fo r  
example, f o r  a diverging wave t h i s   p o s i t i o n  w i l l  co r r e spond   t o   t ha t  shown i n  
Figure 21. A s  t he   f ron t   o f   t he   shock  wave "catches  up," i t  " t runca tes"   the  
a -charac te r i s t ics   o f   reg ion  1. The a -cha rac t e r i s t i c s   o f   r eg ion  2 ' 'catch up 
with"  the  shock wave i n   t h e i r   t u r n .  Thus, the   ve loc i ty   o f   the   shock  wave f r o n t  
w i l l  be   supe r son ic   fo r   r eg ion  1, and  subsonic   for   region 2. It may a l s o   b e  
s t a t e d   t h a t   t h e   l i n e  of  the  shock wave f r o n t   f o r   r e g i o n  1 is space l ike ,   and   for  
region 2 i t  is  t imel ike.  

L e t  us turn  once more t o   t h e   r e l a t i o n s h i p s  (9.13).  The second  equation /72 
relates the   square   o f   the   ve loc i ty   change  u2 - u1 with  the  pressures   and  densi-  
ties a t  the  shock wave. I f  w e  want t o   c a l c u l a t e  u2 - u1 on t h e   b a s i s   o f   t h i s  
equation  (assuming  that   p1,   p2,  p 1 ,  p 2  are given) ,  when the   squa re   roo t  is 

Figure 2 1  
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taken on t h e   r i g h t   s i d e ,  i t  would   be   necessary   to   a t t r ibu te  a s p e c i f i c  
s i g n   t o  it. The f o u r t h  of the  shock wave character is t ics   enumerated  above  in-  
d i c a t e s   t h a t  it would be   necessary  t o  choose a p l u s   s i g n   f o r   d i v e r g i n g  waves, 
and a minus s ign   for   converg ing  waves. 

The t h i r d   r e l a t i o n s h i p  (9.13) i s  unusual,  due t o   t h e   f a c t   t h a t  it conta ins  
only thermodynamic. q u a n t i t i e s  - pressure ,   dens i ty ,   and   in te rna l   energy .  It is  
ca l led   the   Hugonio t   ad iaba t ic   equa t ion .  We shou ld   po in t   ou t   t ha t ,  as shown i n  
hydrodynamics,  there is no copbination  of  thermodynamic  quantit ies  which  could 
remain unchanged when passing  through  the  shock wave f r o n t .  
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10. CONTACT DISCONTINUITIES - I 7 3  

I n  i t s  broad   ou t l ines ,   the   p rocedure   to   be   fo l lowed i n  computing t h e  con- 
tact  d i s c o n t i n u i t y  is  as follows. L e t  us assume t h a t   p o i n t  1 of t he   d i s -  
cont inui ty   (F igure  2 2 )  has   a l ready   been  computed - i .e.,  both i t s  coordinates  
and a l l  t h e   q u a n t i t i e s  on b o t h   s i d e s   o f   t h e   d i s c o n t i n u i t y  are known. Using 
the  usual   procedure,  w e  may ca lcu la te   bo th   charac te r i s t ics   emanat ing   f rom  poin t  
1 - t h e   a - c h a r a c t e r i s t i c  1 - 1' and the   B-cha rac t e r i s t i c  1 - 1". L e t  us draw 

t h e   l i n e  - = ul  from  point 1. It w i l l  approximately  represent   the  contact   d is-  

c o n t i n u i t y   l i n e .  L e t  us select p o i n t s  2 and 3 on t h e  1 - 1' and 1 - 1" char- 
acterist ics i n   s u c h  a way tha t   the   a -charac te r i s t ic   emanat ing   f rom  poin t  2 ,  and 
the   &charac te r i s t ic   emanat ing   f rom  poin t  3 ,  i n t e r s e c t   t h e   d i s c o n t i n u i t y   l i n e  
a t  one  and t h e  same p o i n t  4 .  This w i l l  be   the  desired  subsequent   point   of   the  
contac t   d i scont inui ty .  

d r  
d t  

We must  compute s i x   q u a n t i t i e s  a t  poin t  4 - f o r  example,  the  value  of 
V,  A, B on bo th   s ides   o f   t he   d i scon t inu i ty .   In   o rde r   t o  do t h i s ,  w e  must  have 
s i x   e q u a t i o n s .  We have two equations  from (9.6) - t h i s  is the   cond i t ion   fo r  
t h e   v e l o c i t i e s  u and the   p re s su res  p t o   b e   e q u a l  on bo th   s ides  of the  discon-  
t i nu i ty .   In   add i t ion ,   t he   Lagrang ian   coord ina te  R, and  consequently  the  entropy 
s ,  are re t a ined   a long   t he   con tac t   d i scon t inu i ty  line. The entropy  has two d i f -  
fe ren t   va lues   (genera l ly   speaking)  on bo th   s ides   o f   t he   d i scon t inu i ty ;   i n   pa r -  
t i cu la r ,   each   of  them is  s h i f t e d  from  point 1 t o   p o i n t  4 .  This  provides us with 
two equa t ions .   F ina l ly ,  w e  can   ob ta in   t he  las t  two equat ions  f rom  the  re la t ion-  
s h i p s   f o r   t h e  2 - 4 and 3 - 4 c h a r a c t e r i s t i c s .  

Spec i f i c   va r i an t s   o f   t he   computa t iona l   fo rmulas   can   be   d i f f e ren t .  L e t  
us   analyze  the two ma in   va r i an t s ,   t he   f i r s t   o f   wh ich  i s  the  s implest   and  has  
u n i v e r s a l   a p p l i c a t i o n   i n  a ce r t a in   s ense .  L e t  us f i r s t   p r e s e n t   c e r t a i n   s t i p u -  
l a t i o n s .  

Each po in t   l y ing  on t h e   d i s c o n t i n u i t y   l i n e   c o n t a i n s  two "sets" of quan- 
t i t ies  p e r t a i n i n g   t o  two s i d e s  of t he   d i scon t inu i ty .   The re fo re ,  i t  is  advantag- 
eous   t o  assume t h a t  i t  has   not   one,   but  two p o i n t s ,  whose coordinates  t ,  r,  R 
co inc ide .   In   accordance   wi th   th i s ,  w e  s h a l l  change   t he   no ta t ion   i n   F igu re  2 2 ,  
and s h a l l  employ d i f f e r e n t   n o t a t i o n ,   i n d i c a t e d   i n   F i g u r e  2 3 .  We s h a l l  /74 
use   the   index  1 t o   d e s i g n a t e   t h e   r e g i o n   l o c a t e d   t o   t h e   l e f t   o f   t h e   d i s c o n t i n u -  
i t y ;  w e  s h a l l   u s e   t h e   i n d e x  2 t o   d e s i g n a t e   t h e   r e g i o n  on t h e   r i g h t .  We s h a l l  
employ t h e s e   i n d i c e s   t o   d e s i g n a t e   t h e   c o n s t a n t s  ( x ,p; , C O ,  e t  ce te ra)   per -  
t a i n i n g   t o   t h e s e   r e g i o n s .  

L e t  us assume tha t   the   coord ina tes   o f   po in ts  5 and 6 have  been  found. We 
can now f i n d  v a t  these   po in ts   f rom v5 = V I ,  v6 = v2. L e t  us now determine 
p and u a t  p o i n t s  5 and 6 .  Since p5 = P6, us = u6, we ac tua l ly   need   t o   f i nd  
two,  and n o t   f o u r ,   q u a n t i t i e s .   I n   o r d e r   t o  do t h i s ,  it is s i m p l e s t   t o  employ 
t h e   e q u a t i o n s   o f   c h a r a c t e r i s t i c s   i n   t h e   f o r m  ( 2 . 3 ) :  
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* - k d u = F d t .  
PC - 

Solving them w i t h   r e s p e c t   t o  p5 = p6 and  u5 = U 6 y  w e  can compute t h e   q u a n t i t i e s  
des i red .  

Figure 22 

Points  3 and 4 a re   l oca t ed  on f i x e d   c h a r a c t e r i s t i c s ;   t h e   c o o r d i n a t e s   o f  
p o i n t s  5 and 6 coincide.  The direct ions  of   segments  3 - 5 and 4 - 6 are a l s o  
ful ly   determined.  It fo l lows   f rom  th i s   tha t  w e  have  one  degree  of  freedom a t  
our   d i sposa l  when cons t ruc t ing  a "f igure"   consis t ing  of   points  1, 2 ,  3 ,  4 ,  5 , 
6.  Assigning  one  of   the  coordinates   to   one  of   the  points  3 - 6 ,  w e  may de ter -  
mine the   en t i r e   " f igu re" .  Which coordinate  must  be  disposed  of? /75 

In  the  overwhelming  majority of cases ,  i t  i s  most  convenient t o  select 
one  of t h e   p o i n t s  3,  4 .  We may select  one of  t he   po in t s   a l r eady  computed 
co r re spond ing   t o   t he   cha rac t e r i s  t i c ,  which  saves  us  from  unnecessary inter-  
pola t ion .  As a r u l e ,  we should select the  point   which i s  c l o s e s t   t o   p o i n t  
1 o r   p o i n t  2. I n  v iew  of   the   spec ia l   c i rcumstances ,   on ly   in   ind iv idua l  cases 
i s  it  necessary   for   us ,   fo r   example ,   to   no te   the   coord ina tes   o f   po in ts  5, 6.  

For   purposes   of   def ini t ion,  w e  s h a l l  assume t h a t  w e  have   se lec ted  
p o i n t  4. We can   ob ta in   the   coord ina tes  of p o i n t s  5 ,  6 ( i n   t h e   f i r s t   a p p r o x i -  
mation) by f ind ing   t he   po in t  a t  which t h e   l i n e   d r  = ul dt  emanating  from 
p o i n t  1 (or  2)  i n t e r s e c t s   t h e   l i n e   d r  = f34 dt  emanating  from  point 4 .  We 
must now determine  point  3. 

It i s  necessa ry   t o  know t h e   d i r e c t i o n   o f   t h e  3 - 5 c h a r a c t e r i s t i c   i n  
o r d e r   t o  do t h i s .  However, w e  s t i l l  do n o t  know a3, o r  as. We must take CL 
from any point  which i s  c l o s e   t o   p o i n t  3. This   po in t  may be   readi ly   found 
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Figure 2 3  

from  the r, t graph, on which a g r id   showing   t he   cha rac t e r i s t i c s   fo r   t he  com- 
puted  port ion  of   region 1 must be  compiled a t   t h e  t i m e  under  consideration. 
By p l o t t i n g   p o i n t s  5, 6 on th i s   g raph ,  w e  can  determine  where  point 3 f a l l s  
wi th   suf f ic ien t   accuracy .  It i s  assumed in   the  computat ional   formulas   presen-  
ted  below  that   point  1 i s  c l o s e s t   t o   p o i n t  3 .  This   f ac t  must b e   k e p t   i n  mind 
dur ing   the   p rac t ica l   appl ica t ion   of   these   formulas .  

Drawing t h e   l i n e s   d r  = @1 dt   through  point  1 and d r  = a1 dt   th rough  po in t  
5, and   f ind ing   the i r   po in t   o f   in te rsec t ion ,  w e  may determine  the  coordinates  
of  point 3. We may f i n d  a l l  of   the   quant i t ies   which  w e  need a t   p o i n t  3 by  in- 
terpolat ion  a long  the  B-character is t ic   emanat ing  f rom  point  1. 

On t h e   b a s i s  of the  s ta tements   presented  above,  w e  may  now compute p o i n t s  
5 and 6 ,  a f t e r  which w e  sha l l   pe r fo rm  the   r eca l cu la t ion .   Th i s  i s  done i n   t h e  
usual  manner  by r e p l a c i n g   t h e   c o e f f i c i e n t s   o f   t h e   d i f f e r e n t i a l s   b y   t h e   c o r r e s -  
ponding mean c o e f f i c i e n t s   i n   a l l   t h e   f o r m u l a s .  

By way of an  example, l e t  us   present  a v a r i a t i o n   o f   t h e   s p e c i f i c  computa- 
t ional   formulas .  It i s  assumed tha t   bo th   subs tances   ad jacent   to   the   d i scon-  
t i n u i t y   l i n e   a r e   i d e a l   g a s e s .  L e t  us   in t roduce   the   fo l lowing   no ta t ion  

g = - = - -  
1 1 v  
pc as zh ‘ 
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The subs t i tu t ions   which  are made du r ing   t he   r eca l cu la t ion  are shown i n   t h e  form- 
u l a s  on t h e   r i g h t   i n   p a r e n t h e s e s .  The a r i t h m e t i c  means are designated by t h e  

double   indices  - f o r  example, u26 = 7 (u2 4- u6) : 
1 

1 

(10.1) 

S i m i l a r l y   t o  v, R can  be  s imply  t ransposed  a long  the  discont inui ty   l ine,  
so  tha t   the   fo l lowing   re la t ionships   mus t   be   added   to   formulas   (10 .1) :  

R, = R1, RG = R2. 

As a r u l e ,  R1 = R2 and R5 = Rg. However, for   purposes   o f   cont ro l  i t  is recom- 
mended t h a t  R be  integrated  a long  the  segments   of   the  3 - 5 and 4 - 6 
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cha rac t e r i s t i c s .   Th i s  may be  performed when t h e   r e c a l c u l a t i o n  i s  f i n i s h e d ,  
s u b s t i t u t i n g   t h e  mean values   of  R' [Equat ion  (7 .7)]   in   the  integrat ion  formula.  
We s h a l l   r e t u r n   t o   t h e   p r o b l e m  of c o n t r o l l i n g  R on c o n t a c t   d i s c o n t i n u i t i e s  
when we  d i scuss   gene ra l   i n t eg ra l   con t ro l  of the   so lu t ion .  

When ca l cu la t ing   each   po in t  of t h e   c o n t a c t   d i s c o n t i n u i t y ,   i f  w e  select 
the   ca l cu la t ed   po in t   c lo ses t   t o   po in t  2 as po in t  4, t h e n   t h e   g r i d   f o r   t h e  
c h a r a c t e r i s t i c s  assumes a form  which is approximately  the same as t h a t  shown 
i n   F i g u r e  2 4 .  I f  we start w i t h   t h e   s e l e c t i o n  of po in t  5, then   the  p ic -  /77 
t u r e  is r e l a t i v e l y  symmetrical. A s  w e  may see, t h e   c h a r a c t e r i s t i c s  of  one set 
(6 i n   F i g u r e  2 4 )  "pass"   th rough  the   d i scont inui ty   l ine  and "are re f l ec t ed"  from 
it. The c h a r a c t e r i s t i c s  of t he   o the r  set are "truncated" a t  the   d i scon t inu i ty  

Figure 24 

l ine .   This   factor   must   be  taken  into  account  when a f i r s t - o r d e r   d i s c o n t i n u i t y  
approaches a con tac t   d i scon t inu i ty .  I f ,  as i s  shown i n   F i g u r e  2 4 ,  t h e   l i n e  of 
t h e   f i r s t - o r d e r   d i s c o n t i n u i t y   ( t h e   d o u b l e   l i n e   i n   t h e   f i g u r e )   r e p r e s e n t s   t h e  
c h a r a c t e r i s t i c  which i s  "passed"  through  the  contact   d iscont inui ty  and "re- 
f l ec t ed"  from i t ,  the   f i r s t -o rde r   d i scon t inu i ty   i n t roduces  no a d d i t i o n a l   d i f f i -  
c u l t i e s .   I n   t h e   o p p o s i t e   c a s e ,  when t h e   f i r s t - o r d e r   d i s c o n t i n u i t y   c l o s e l y  
approaches   t he   con tac t   d i scon t inu i ty   l i ne ,   i n t e rpo la t ion  of p o i n t  3 (see  Figure 
2 3 )  is impossible.  We must   thus  change  the  computat ional   order ,   se lect ing  the 
f i r s t - o r d e r   d i s c o n t i n u i t y   p o i n t  as po in t  3 .  

I n   s p i t e  of a l l  the   advan tages   o f   t h i s  method, it is  not  always  advan- 
t ageous   t o  employ i t  i n   p r a c t i c e .  The quan t i ty  p frequently  changes  from  point 
t o   p o i n t  so g r e a t l y ,   t h a t   d i r e c t   i n t e g r a t i o n  of equat ions ( 2 . 3 )  e n t a i l s  a g r e a t  
amount o f   e r r o r ,  as w e l l  as t h e   n e c e s s i t y  o f   dec reas ing   t he   s t ep   c lose   t o   t he  
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discontinuity.  When  the  discontinuity  points  are  computed,  it  is  thus  desir- 
able  to  integrate  equations (2.5) - i.e., to  return  to  Reimann  invariants. 
It is  true  that  the  ratio p5 = p6 is  replaced  by a more  complex  one,  but  this 
is  partially  offset  by  other  advantages.  We  shall  now  briefly  sketch  the 
second  method  for  computing  the  contact  discontinuity,  without  presenting  the 
final  computational  formulas. - /78 

It can  be  seen  from  Figure  23  that we may  find A5 and  B6  by  performing 
integration  along  the  segments  of  the 3 - 5 and 4 - 6 characteristics.  After 
this  process,  since we may  assume  that  v5  and  v6  are  known,  we  may  employ 
equations p5 = p6 and  u5 = U6 to  compute  B5  and  A6.  This  may  be  done  as  fol- 
lows : 

Since  u5 = u6,  from  the  formulas 

it  follows  that 

In addition,  since p5 = PC, 

or, since z = - C 
V 

(10.2) 

(10.3) 

The  quantities  v5  and  v6  may  be  assumed  to  be  constant. If we  now  solve  equa- 
tions  (10.2)  and (10.3) with  respect  to  c5  and  c6,  we  find  that  both  c5  and 
c(5 are  functions of A5 + B6.  Consequently,  after  integration of A5 ana  B6, we 
may  immediately  determine  c5  and  c6,  as  well as 

Here the  difficulty  is  encountered in equation (10.3), which is nonlinear. 
However,  we  may  proceed  as  follows.  For  example,  let  us  assume a certain  se- 
quence  in  the  values  of  c5.  The  corresponding  sequence of the  values  for  c6 
may  be  readily  computed  from  equation  (10.3),  and  the  sequence  of A5 + B6  may 
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be computed  from  (10.2). A s  a r e s u l t  w e  ob ta in  a t ab le   con ta in ing   t h ree  columns 
f o r   t h e   q u a n t i t i e s  c5, C6 and A5 + Bg. I f  w e  know A5 + B6, w e  may f ind   bo th  
c5 and c6 from th i s   t ab l e .   Fo r   g rea t e r   conven ience ,   t h i s   t ab l e  may b e   f i r s t  
p re- in te rpola ted ,  so t h a t   t h e   v a l u e s  of A5 + B6 are equ id i s t an t .  

Unfortunately,   such a tab le   cannot   have   un iversa l   appl ica t ion ,   s ince  it 
depends on  v5  and v6. Therefore ,  it must  be  compiled  again  for  each  section 
of t he   con tac t   d i scon t inu i ty   w i th   t he   da t a  of v5 and  v6.  However, as a r u l e ,  
t h i s   a d d i t i o n a l  work is wor th   t he   e f fo r t .  

The in t roduc t ion  of Reimann i n v a r i a n t s  makes it p o s s i b l e   t o   t a k e  one s t e p  
i n   s i m p l i f y i n g   t h e   c a l c u l a t i o n  - t o   exc lude   t he   i n t e rpo la t ion  of po in t  3 ( o r  4 )  
(Figure  23).  L e t  us   select   points   which  have  a l ready  been computed as /79 
po in t s  3 and 4 .  Then the   coord ina tes  of po in t s  5  and 6 w i l l  not  coincide.   For 
pu rposes   o f   de f in i t i on ,   l e t   u s  assume t h a t   p o i n t  5 lies above po in t  6 (Figure 
25).  By f ind ing   the   coord ina tes  of t hese   po in t s  w e  may compute A5 and Bg i n  
the   u sua l  way. By employing points   5 ,  1 and the   " l e f t "   po in t   ca l cu la t ed   p rev i -  
ously  ( lying  above  point  1) as i n t e r p o l a t i o n   p o i n t s ,  w e  may i n t e r p o l a t e   t h e  

Figure 25 

" l e f t "   q u a n t i t y  A a t  po in t   5 ' ,  whose coord ina tes   co inc ide   wi th   the   coord ina tes  
of po in t  6. A s  indicated  above, by  knowing A5 and B6 w e  may compute po in t  6. 
Point  5 '  is a n   a u x i l i a r y   p o i n t ,  and i t  may be computed wi th  RO d i f f i c u l t y ,  as a 
ru le .  
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The r e c a l c u l a t i o n  entails c e r t a i n   d i f f i c u l t i e s  - namely,  the  recalcula- 
t i on   o f  A5. Except   for  A, a t  p o i n t  5 nothing i s  unknown t o   u s ,   a n d   i n   o r d e r  
t o   r e c a l c u l a t e  A it i s  n e c e s s a r y   t o  know a, F and z .  The following  procedure 
may b e  assumed. After t h e   f i r s t   a p p r o x i m a t i o n   o f   p o i n t  6 i s  performed, w e  may 
e x t r a p o l a t e  u a t  p o i n t  5, on t h e   b a s i s   o f   p o i n t s  6 ,  2 and  the   po in t   p rev ious ly  
computed. Knowing A5 and  u5, we may r e a d i l y   c a l c u l a t e  "5,  F5, 25; we may then 
r e c a l c u l a t e  As. With A5 def ined more a c c u r a t e l y ,  w e  may r e c a l c u l a t e   p o i n t  6 .  

The ca l cu la t ion   o f   po in t  5 w i l l  be  as fol lows.  A t  t h i s  time w e  a l ready  
know t 5  , r5 , As, u5 , a s ,  F5 , Z 5  , which  have  been  computed i n   t h e  customary 
way by ex t rapola t ion   of   u .  However, nothing  prevents  us  from  taking them 
f o r   t h e   f i r s t   a p p r o x i m a t i o n .  It on ly   r ema ins   t o   r eca l cu la t e   po in t  5 .  I n  /80 
o r d e r   t o  do t h i s ,  i t  is  necessa ry   t o  know B8 (see Figure 2 5 ) ,  which we may f i n d  
by i n t e g r a t i o n   a l o n g   t h e  7-8 segment. L e t  u s   t hen   ex t r apo la t e  u a t  poin t  8, 
l e t  us  determine B8 more accura te ly ,  let  u s   i n t e r o p o l a t e  i t  a t  poin t  8' and 
f i n a l l y  l e t  u s   r e c a l c u l a t e   p o i n t  5. 

The rest of   the  computat ional   procedure is now clear. A s  we may see, t h e  
"process"   for   this   computat ion  differs   considerably  f rom  the  ' IEuler  method wi th  
reca lcu la t ion ,"   bu t   the   over -a l l   o rder   o f   accuracy   remains  as before .  The 

Figure 26 

ne twork   o f   cha rac t e r i s t i c s  w i l l  have  the  form shown i n   F i g u r e  2 6 ,  so t h a t   t h e  
cha rac t e r i s t i c s   o f   bo th  sets are " ref lec ted"   f rom  the   d i scont inui ty  l ine .  When 
necessary,  nothing  prevents  us  from  "passing" a c e r t a i n   c h a r a c t e r i s t i c   a l o n g  
t h e   d i s c o n t i n u i t y ,   s i n c e   a f t e r   t h i s  a l l  of t h e   q u a n t i t i e s  a t  p o i n t  5' may be 
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readily  computed,  since  point 6 (Figure 25) has  been  calculated.  After  this, 
it  is  possible  to  "release"  the  next  @-characteristic  from  point 5'. Such  a 
procedure  may  be  necessary,  for  example,  when  a  characteristic  supporting  a 
first-order  discontinuity  (the  double  line in  Figure 26) reaches  the  line  of 
the  contact  discontinuity. 

Both  methods  presented  for  computing  the  contact  discontinuity  have  their 
advantages  and  disadvantages.  The  first  method  entails  the  necessity  of  inter- 
polation  along  the  characteristics,  but  it  has  great  logical  simplicity  and 
computational  uniformity  at  each  step.  Therefore,  it  is  more  suitable  for 
computations on computers.  The  second  method  is  preferable  for  computations 
"by  hand,"  since  it  is  more  economical  and  flexible. 
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F i g u r e   2 1   i l l u s t r a t e s   t h e   p o s i t i o n  of t h e   l i n e   o f   t h e   s h o c k  wave f r o n t  
w i t h   r e s p e c t   t o   t h e   c h a r a c t e r i s t i c s .   I n   c o n t r a s t   t o   t h e   c o n t a c t   d i s c o n t i n u i -  
t y ,   t h e r e  is no symmetry  between the   r eg ions   l y ing  on bo th   s ides  of the   d i s -  
cont inui ty .  I f  it i s  r easonab le   t o   speak  of the   " r igh t "   and   " l e f t t t   r eg ions  
i n   t h e  case of the   contac t   d i scont inui ty ,   then  w e  s h a l l  employ a d i f f e r e n t  
terminology  for   the  shock wave. We s h a l l  cal l  region 1 the  lower  region,  and 
region 2 the  upper  region.  Correspondingly,  a t  each   po in t  on the  shock wave 
f r o n t  w e  may speak  of  lower  and  upper  values  for  each  quantity.  

For   the   lower   reg ion ,   the   l ine   o f   the   shock  wave f r o n t  i s  a s p a c e l i k e  
l ine .   Therefore ,   no th ing   prevents  us  from  solving  equations (2.1) continu- 
ous ly   in   the   "upper"   reg ion ,   ignor ing   the   d i scont inui ty .   In   phys ica l  terms, 
th i s   r rupper t r   reg ion  i s  p u r e l y   f i c t i t i o u s ;  i t  reflects the  motion  of a sub- 
stance which  would exist i f   t h e r e  were no  shock waves. Na tu ra l ly ,   eve ry   e f fo r t  
must b e  made t o  see that   th is   "excessive"  computat ion i s  reduced  to a minimum. 
However, during a numerical  computation  such a cont inuat ion  of   the lower region 
beyond the  "prescribed"  boundaries  must  always  be  performed. From t h i s   p o i n t  
on, w e  s h a l l  always  assume tha t   th i s   cont inua t ion   of   the   lower   reg ion   has  al- 
ready  been  effected,   and  our  problem  consists of " t runca t ing"   t he   po r t ion   o f  
t h e   c h a r a c t e r i s t i c s   f i e l d   w h i c h  was computed p rev ious ly ,   i n   o rde r   t o   "pass"  
the  shock wave along  this   "prepared"  region.  

L e t  us assume t h a t   p o i n t  1 of the  shock wave f ront   (F igure  27) has   a l ready 
been computed - i.e. , both  the  lower and  upper  values  of a l l  t h e   q u a n t i t i e s  are 
known a t   t h i s   p o i n t .  We may employ t h e   f i r s t   f o r m u l a  (9.13) t o   c a l c u l a t e   t h e  
v e l o c i t y  D o f   t he  wave f r o n t   a t   t h e   p o i n t  1. The l i n e   d r  = Dl d t  drawn through 
p o i n t  1 approximate ly   expresses   the   d i scont inui ty   l ine .  On t h i s   l i n e ,  l e t  us 
select a c e r t a i n   p o i n t  2 which w e  s h a l l   i n t e n d  as the   next   po in t   o f   the  wave 
f r o n t  . 

The c h a r a c t e r i s t i c  1 - 1' emanates  from  point 1 upward (s ince  the  discon-  
t i n u i t y   l i n e  i s  t imel ike  for   the  upper   region,   and  only one c h a r a c t e r i s t i c  may 
emanate  upward). We may assume t h a t   t h i s   c h a r a c t e r i s t i c  i s  already known. 
L e t  us select p o i n t  3 upon i t ,  i n   s u c h  a way t h a t   t h e   c h a r a c t e r i s t i c  of  another 
set  ( w i t h   r e s p e c t   t o  1 - 1') from  point 3 f a l l s   e x a c t l y   a t   p o i n t  2 .  - /82 

S i n c e   t h e   l i n e  1 - 2 passes  by  definit ion  along  the  lower  region  which  has 
already  been computed, w e  may f ind   t he   l ower   quan t i t i e s  a t  p o i n t  2 d i r e c t l y .  
We already know the  coordinates   of   point  2. We must now compute  any t h r e e  
q u a n t i t i e s  - f o r  example,  u,  p, p - a t   p o i n t  2 .  We must  have  three  equations 
i n   o r d e r   t o  do t h i s .  Two equat ions  provide  us   with  re la t ionship  (9 .13)   [ the 
second  and  third . We shou ld   po in t   ou t   t ha t   t he   i ndex  1 in   t hese   equa t ions  
d o e s   n o t   d e s i g n a t e   t h e   q u a n t i t i e s   a t   p o i n t  1 (Figure 27) but   the   lower  values  
a t   p o i n t  21. The th i rd   equat ion   provides   us   wi th   the   re la t ionship   a long   the  
3 - 2 c h a r a c t e r i s t i c ,   r e w r i t t e n   w i t h   f i n i t e   d i f f e r e n c e s .   I n   s o l v i n g   t h i s  
system, we may compute p o i n t  2 e n t i r e l y .  

Thus, the   ca lcu la t ion   of   the   shock  wave f r o n t   p o i n t  may be   d iv ided   i n to  
the  fol lowing  four   s teps:  
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Figure 27 

(1) Calcula t ion   of   the   coord ina tes   o f   the  

(2 )  Determinat ion  of   the  lower  quant i t ies  

( 3 )  Drawing  of the   "over tak ing"   charac te r i  
t e r i s t i c   i n   F i g u r e  2 7 ) ;  

new p o i n t ;  

a t  t h i s   p o i n t ;  

s t i c  ( 3  - 2 charac- 

( 4 )  Solu t ion  of  the  system of equa t ions   a t   t he  wave f r o n t .  

There is a c lose   co r re l a t ion   be tween   po in t s  1, 2,  and 3; p o i n t  4 is  inde- 
pendent t o  a s ign i f i can t   ex t en t .   The re fo re ,  w e  s h a l l   f i r s t  e x a m i n e   t h e   f i r s t  
t h r e e   s t e p s   i n   t h e   c a l c u l a t i o n ,   p o s t p o n i n g   t h e  las t  s t e p   u n t i l  la ter .  

Poin t  2 e n t a i l s   t h e   p r i m a r y   d i f f i c u l t y ,   s i n c e  w e  must   deal   here   with 
the   i n t e rpo la t ion   o f   func t ions  of  two v a r i a b l e s .  We know t h e   v a l u e s   o f   a l l  
q u a n t i t i e s   i n   t h e   l o w e r   r e g i o n  a t  t h e  p o i n t s   i n  the characteristics network, 
and i f  w e  select p o i n t  2 (Figure 27) a r b i t r a r i l y ,  i t  w i l l  f a l l   w i t h i n   t h e  
"para l le lograms  of   the   charac te r i s t ics . "   In te rpola t ion   (quadra t ic ! )  of t h e  
funct ions  of  two v a r i a b l e s  is  a very cumbersome problem,  and  our  goal is t o  re- 
duce i t  t o   i n t e r p o l a t i o n   o v e r   o n e   v a r i a b l e ,  i .e.,  t o   i n t e r p o l a t i o n   a l o n g  a 
a c e r t a i n   l i n e .  

One p o s s i b l e   s o l u t i o n  becomes immediately  apparent. We must select p o i n t  
2 i n  such a way t h a t  it lies on   one   o f   t he   cha rac t e r i s t i c s   i n   t he   l ower   r eg ion  
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(see  Figure 28,  w h e r e   t h e s e   c h a r a c t e r i s t i c s  are designated  by a dashed /83 
l i n e ) .  The computational  procedure may b e  as fo l lows   ( for   purposes   o f   def in i -  
t i o n ,  a diverging wave is  examined) : 

1. L e t  us  draw t h e   l i n e   d r  = Dl d t  from  point 1, and l e t  us draw t h e   l i n e  
d r  = B 1  d t  from  point 4 i n   t he   l ower   r eg ion .  L e t  us determine  the  point  a t  which 
they   in te rsec t ,   which  w i l l  be   po in t  2. 

2. Performing  interpolat ion  a long  the ''lower'' 4 - 5 c h a r a c t e r i s t i c ,  w e  
may f ind   t he   l ower   quan t i t i e s  a t  p o i n t  2. 

3 .  L e t  us  draw t h e   l i n e   d r  = 61 d t  f rom  point  1, and t h e   l i n e   d r  = a1 d t  
from  point 2. The poin t  a t  which   they   in te rsec t  w i l l  be   po in t  3 .  

4 .  Performing  interpolat ion  a long  the 1 - 1' c h a r a c t e r i s t i c ,  w e  may f i n d  
a l l  o f   t h e   q u a n t i t i e s  a t  poin t  3 .  

5. L e t  us   solve  the  system  of   equat ions,  l e t  us  compute a l l  of the  upper  
q u a n t i t i e s  a t  p o i n t  2 ,  and l e t  us  perform a r e c a l c u l a t i o n .  

We have  assumed t h a t   p o i n t  1 is c l o s e s t  to poin t  3 on t h e  1 - 1' char- 
acterist ic.  I f  we f i n d  a c l o s e r   p o i n t ,  it would be  advantageous  to select  i t  

in s t ead   o f   po in t  1, in  s t e p  3.  The q u a n t i t y  a2 + a 3  i s  se l ec t ed   du r ing   t he  re- 

ca l cu la t ion ,   i n s t ead   o f  a1 ( the   reader  may compare th i s   s t ep   w i th   t he   de t e rmina -  
t i on   o f   po in t  3 i n   t h e   c a l c u l a t i o n   o f   t h e   c o n t a c t   d i s c o n t i n u i t y ;  see Figure 22 
and t h e   t e x t   p e r t a i n i n g   t o   i t ) .  

2 

Almost a l l  of   the   s ta tements   p resented   in   Sec t ion  10 r e g a r d i n g   t h e   f i r s t  
method f o r   c a l c u l a t i n g   t h e   c o n t a c t   d i s c o n t i n u i t y  may be  repeated  with  respect  
t o   t h i s  method. It is  q u i t e   s i m p l e   l o g i c a l l y ,   b u t   e n t a i l s   t h e   n e c e s s i t y   o f  
I' 

11 
i n s e r t i n g "   p o i n t  3 .  Therefore,  we s h a l l   i n v e s t i g a t e   a n o t h e r  method,  where t h i s  
i n s e r t i o n "  i s  n o t   r e q u i s i t e .  

L e t  us assume t h a t   p o i n t  1 of  the  shock wave (Figure 29) has  been computed. 
On the   cha rac t e r i s t i c   emana t ing   f rom  th i s   po in t ,  l e t  us select poin t  3 which 
has   a l so   been  computed. L e t  us  draw t h e   l i n e   d r  = Dl d t  from  point 1, and  the 
l i n e   d r  = a3 d t  from  point 3 .  L e t  t h e s e   l i n e s   i n t e r s e c t  a t  p o i n t  2. In   addi-  
t i o n ,  l e t  u s   h a v e   t h e   l i n e   d r  = Dl d t   i n t e r s e c t   w i t h   t h e  "lower" c h a r a c t e r i s t i c  
passing  ahead of po in t  2. We may o b t a i n   t h e   a u x i l i a r y   p o i n t  4 ,  a t  which w e  may 
f ind   t he   l ower   quan t i t i e s  by i n t e r p o l a t i o n   a l o n g   t h e   c h a r a c t e r i s t i c s .  

Taking  point 4 ,  and a l s o   t h e   a u x i l i a r y   p o i n t s  5 and 6 which  have  already 
been  computed, w e  may i n t e r p o l a t e   t h e   l o w e r   q u a n t i t i e s  a t  p o i n t  2 over them. 
A f t e r   t h i s ,  w e  may solve  the  system  of  equations  and may compute poin t  2. 

Dur ing   the   reca lcu la t ion ,  i t  must b e   v e r i f i e d   t h a t   t h e   a u x i l i a r y   p o i n t  i s  
"placed" as accura te ly  as p o s s i b l e  on the   l i ne   o f   t he   shock  wave f r o n t .   I n   o r -  
d e r   t o  do t h i s ,  w e  must f i r s t   e x t r a p o l a t e  D a t  p o i n t  4 a long   po in ts  1 and 2 and, 
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when  the  coordinates  of  point 4 are  determined  more  accurately, we must  draw 

the  line  dr = - (Dl + D4) dt from  point 1. The  rest  of  the  recalculation 

process  is  quite  clear,  .and  requires no additional  clarification. 

1 
2 

The  presence  of  first-order  discontinuities  entails no additional /84 
difficulties.  If  a  first-order  discontinuity  is  contained  in  the  "lower" 
data,  then  when  it  approaches  the  line  of  the  wave  front,  the  first  method 
must  be  employed,  taking  the  next  wave  point  on  the  characteristic  supporting 
the  first-order  discontinuity.  If  the  first-order  discontinuity  "overtakes" 
the  shock  wave in the  upper  region, we shall  employ  the  second  method,  taking 
the  point  of  the  first-order  discontinuity  as  point 3. In both  cases,  the 
characteristic  supporting  the  first-order  discontinuity  passes  upward  from  the 
new  point 2 of  the  shock  wave. 

Figure 28 

I 

Figure 29 



L e t  us now tu rn   t o   t he   p rob lem of so lv ing   the   sys tem of equat ions on t h e  
shock wave f r o n t ;  le t  us   only  analyze  the case of   an  ideal   gas .  Two methods 
may also  be  proposed  here.  

As i s  known, the   i n t e rna l   ene rgy  E of   an   idea l   gas  is  expressed by i t s  
dens i ty  P and pressure  p i n   t h e   f o l l o w i n g  way 

(11.1) 

Subs t i t u t ing   t h i s   exp res s ion   i n   t he   t h i rd   equa t ion   (9 .13 ) ,  we ob ta in   t he  
ad iaba t i c   equa t ion  of  Hugoniot i n  a form  which i s  g iven   in   each   course  on 
hydrodynamics : 

(11.2) 

In   pass ing ,  w e  might  mention  that  it f o l l o w s   f r o m   t h i s   e q u a t i o n   t h a t   t h e   r a t i o  

p 1  
p1 and increas ing  p2 t h e   r i g h t   p a r t  of formula  (11.2)  increases  monotonically,  
and s t r i v e s   t o  h. 

- p 2  across  the  shock wave cannot   be  greater   than  h .   In   actual i ty ,   for  a constant  

L e t  us now express  p and p i n  (11.2) by z and v,   according  to  /85 
(5.11). We ob ta in  

- 

(11.3) 

I n   t h e   r i g h t  p a r t  of the  second  equation, l e t  us remove a from the  paren- 

theses  : 
p 1  

Instead  of 2 l e t  US s u b s t i t u t e  i t s  expression  from  (11.2),  and l e t  us   note  

t h a t  p2 = ,h + 1 ’1 = 1 c2. m e n ,   a f t e r  several elementary  computations, w e  
P1 

P1 ’ E  x 1  
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obtain 

(11.4) 

F i n a l l y ,   s u b s t i t u t i n g  2 from  (11.2)  and u2 - u1 from  (11.41, i n   t h e  
P 1  

f i r s t   r e l a t i o n s h i p  (9 .13)  , w e  o b t a i n  

(11.5) 

L e t  us   col lect   the   t ransformed  equat ions  (11.3)  , (11.4) and (11.5)  to- 
gether :  

When e x t r a c t i n g   t h e   s q u a r e   r o o t   i n   t h e   f i r s t  and th i rd   equa t ions ,  w e  must  allow 
for   the   shock  wave d i r e c t i o n  - fo r   d ive rg ing  waves w e  must s e l e c t   t h e  p l u s  s i g n  

( ~ 2  < ~ 1 ,  D < ~ 1 ) .  
(u2 ' u1 Y D > u1);   for   converging waves we must s e l e c t   t h e  minus s i g n  

L e t  us w r i t e  t h e   e q u a t i o n   a l o n g   t h e   c h a r a c t e r i s t i c   i n   t h e  form (2 .3) :  

Ins tead  of p,  p and c ,  rep lac ing   these   express ions  by v and z ,  we r e a d i l y  /86 
o b t a i n  

(h-  l ) u d z * d u  = Fdt. (11.7) 

Due t o   t h e   f a c t   t h a t  i t  is  w r i t t e n   i n   f i n i t e   d i f f e r e n c e s ,   t h i s   r e l a t i o n s h i p  pro- 
vides   us   with  the  equat ion  between z and u a t  poin t  2 (Figure  27).  Therefore, 
it can   be   so lved   concurren t ly   wi th   the   f i r s t   equa t ion   (11 .6) .   This  may be  done 
as follows. L e t  us   def ine   a .cer ta5n   in i t ia l   va lue   o f   z2 ,   and  l e t  us   ca l cu la t e  
u2 from  (11.6)  on  the  one  hand,  and  from  (11.7)  on  the  other  hand. L e t  us com- 
pare   the   resu l t s   ob ta ined   and ,   changing  z2,we f ind   t ha t   t hey   co inc ide .  W e  may 
employ l i n e a r   i n t e r p o l a t i o n   h e r e ;   a f t e r  two "tests1' are per formed,   the   th i rd  
value  of 22 is  determined by i n t e r p o l a t i o n   o v e r   t h e   f i r s t  two, s o  t h a t   t h e   d i f -  
ference  between  the two values  of u2 vanishes.  A s  a r u l e ,   t h e  number of 
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"tests" i s  n o t   g r e a t ,   s i n c e   t h e   i n i t i a l   v a l u e   o f  z2 may be  taken  from  the  pre- 
ceding wave po in t   w i th   su f f i c i en t   accu racy  - or ,   which i s  even   be t t e r ,  i t  may 
be   ex t r apo la t ed   t o   po in t  2. A f t e r  u2 and 22 are computed, we may f i n d  v2 
from  the  second  equation  (11.6),   after  which  point 2 "is c a l c u l a t e d "   i n   t h e  
normal  manner. 

The second  method fo r   so lv ing   t he   equa t ions  on t h e  wave f r o n t  employs 
Reimann i n v a r i a n t s .   I n  a c e r t a i n   s e n s e ,  i t  is  more  comprehensive,  but  neces- 
s i t a t e s   a d d i t i o n a l   t a b l e s .  

L e t  us   mult iply  both  par ts  of the  second  equation  (11.6) by T ~ .  Assuming 
t h a t  x = -ch+', w e  may w r i t e  

o r  

We may rewrite t h e   f i r s t  e :qua t ion   (11 .6)   in   the   fo l lowi  

- z1 
" 

Cl 

(11.8) 

.ng form 

(11.9) 

The upper   s ign is s e l e c t e d   f o r  a diverging  wave,  and  the  lower  sign i s  s e l e c t e d  
f o r  a converging wave. Multiplying  (11.8) by h - 1 and  combining i t  with  (11.9),  
w e  have 

In  a s i m i l a r  way, w e  have 

(11. l o )  

(11.11) 

We can wri te  the  second and th i rd   equat ions   (11 .6)   in   the   fo l lowing   187  
form 

- 
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(11.12) 

L e t  u s   i n t roduce   t he   no ta t ion  

A €or  a diverging wave, 

B €or  a converging wave; 
x = {  

B f o r  a diverging wave, 

A f o r  a converging wave. Y = (  

Thus, X i s  t h e  Reimann invar ian t ,   which  i s  integrated  over   the  ' 'over taking" 
wave o f   t h e   c h a r a c t e r i s t i c ;  Y is t h e   o t h e r  Reimann inva r i an t .   Re la t ionsh ips  
(11.10) , (11.11) , (11.12) now assume the  following  form 

S i n c e   t h e   q u a n t i t i e s  on t h e   l e f t  
a l l y   i n t e r r e l a t e d .   T h e r e f o r e ,  w e  may 

. . .  . . .  

. . .  . . .  

. . .  . . .  

depend  only  on x, they are a l l  function- 
compile a t a b l e   i n   t h e   f o l l o w i n g  form: 

. . . .  1 $ I * D ! ?  

... 

. . . . . .  

.-. . . . .  

. . . . . .  

The equat ions may  now be  solved i n  the  fol lowing way. Af te r   the   lower  
quan t i t i e s   ( appea r ing   i n   t he   t ab l e   unde r   t he   i ndex  1) are determined a t  p o i n t  
2, w e  may a s s i g n  a c e r t a i n   v a l u e   t o  v2. Th i s   enab le s   u s   t o   i n t eg ra t e   t he  
Reimann inva r i an t s   ove r   t he   "ove r t ak ing"   cha rac t e r i s t i c ,  i .e. , to   de te rmine  
X2. We thus   ob ta in  an "en t ry"   i n   t he   t ab l e ,   f rom  wh ich  w e  may f i n d  a new 
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value  of v2. We may employ it t o   f i n d   t h e  new value  of  X2 ,  and t h e  new /88 
value  of  v2 from t h e   t a b l e ,  e t  cetera. As a r u l e ,   t h i s   p r o c e s s  i s  one  which 
converges  rapidly,   and w e  f i n a l l y   o b t a i n   t h e   v a l u e s   f o r  X2 and v2. From t h e  same 
t a b l e  w e  may  now f i n d  YZandD, a f t e r  which w e  may assume t h a t   p o i n t  2 has  been 
computed. 

We s h o u l d   p o i n t   o u t   t h a t   t h e   l e f t   s i d e s   o f   r e l a t i o n s h i p s  (11.13) contain 

t h e  same parameter - t he   ad i aba t i c   i ndex  Y (because h = - " '> Therefore ,  

t h i s   t a b l e  is s u i t a b l e   f o r  a l l  i dea l   gases   w i th   t he   g iven   ad iaba t i c   i ndex  - 
i .e. ,  it has   qu i t e   un ive r sa l   app l i ca t ion .  

x - 1  

L e t  u s   t u rn   b r i e f ly   t o   subs t ances   w i th   an   equa t ion  of s ta te  such as (5.15). 
The e x p r e s s i o n   f o r   t h e   i n t e r n a l   e n e r g y   i n   t h i s   c a s e  may b e   w r i t t e n  as 

(11.14) 

P t  follows  from  equation (5.15) t h a t   t h e   i n t e r n a l   e n e r g y  is  r e l a t e d   t o   p r e s s u r e ,  
densi ty ,and  entropy by the   equat ion  

where f (k) is an   a rb i t ra ry   func t ion   of   en t ropy .  However , i n  a l l  cases which 
a r e   j u s t i f i e d   i n   p h y s i c a l  terms, w e  may assume f ( k )  = const.  Because  the  in- 
te rna l   energy  is  de termined   wi th in   the   accuracy   of   an   addi t ive   cons tan t ,  w e  may 
employ formula (11.14)]. I f  w e  now perform a l l  the  corresponding  computations,  
i t  may be   readi ly   conf i rmed  tha t   equa t ion  (11.6) remains i n   f o r c e  (we should 
r e c a l l   t h a t  z and v are now determined by formulas (5.19) and (5.21) .  The re- 
l a t i o n s h i p s  (11.13) remain  unchanged,  and  consequently t h e   t a b l e   d e s c r i b e d  
above,  which may be employed both  for   substances  such as an i d e a l   g a s  and f o r  
substances  such  as  (5.15) ( i t  i s  o n l y   i m p o r t a n t   t h a t   t h e   a d i a b a t i c   i n d i c e s  
x coincide  for  them).  Thus,   the  computation  of  shock waves for   equa t ions   o f  
s t a t e   s u c h  as (5.15) b a r e l y   d i f f e r s  from the i r   computa t ion   for   idea l   gases .  

I n   c e r t a i n  cases, t h e  state of  motion of a medium "unperturbed" by a shock 
wave ( i . e . ,   mot ion   in   the   lower   reg ion)  may be   g iven ,   no t   by   t he   g r id  of t h e  
c h a r a c t e r i s t i c s ,   b u t   r a t h e r   a n a l y t i c a l l y ,   i n   t h e  form  of  formulas. The most 
important case h e r e  i s  t h e   c a l c u l a t i o n  of a shock wave propagated   in  a sub- 
s tance  a t  rest, i . e . ,  t h e  case when the   lower   quant i t ies   have   the   va lues  

I I  = 0, p = const, p = const. 

The d i f f i c u l t y   e n t a i l e d   i n   t h e   i n t e r p o l a t i o n  of   the  lower  data  i s  then 
e l imina ted ,   and   the   en t i re   computa t ion  is s impl i f ied   accord ingly .  The second 
computational  method may always  be employed h e r e .   S t r i c t l y   s p e a k i n g ,   i n  /89 
t h i s  case the  shock wave may be  regarded as an unusual  boundary  condition.  In 
pr inc ip le ,   the   computa t iona l   p rocedure  is t h e  same as t h a t   d e s c r i b e d   i n   s e c t i o n  
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7. The on ly   d i f f e rence   cons i s t s   o f   t he   f ac t   t ha t  5 u along  the  boundary, 
and   therefore  R and v are not   cons tan t  on the  boundary. The method f o r  comput- 
i n g   t h e s e  waves i s  q u i t e  clear, and w e  s h a l l   n o t   d w e l l   o n  i t  i n   d e t a i l .  We 
would o n l y   l i k e   t o   p o i n t   o u t   o n e   s p e c i a l  case. 

L e t  us assume t h a t  w e  are dea l ing   w i th   an   i dea l   gas ,   and   t ha t  i ts  i n i t i a l  
s tate (before   the  passage  of   the  shock wave) is character ized  by  the  fol lowing 
va lues   o f   ve loc i ty ,   dens i ty ,   and   pressure :  

uI = 0, pI = po = const, p1 = 0 .  (11.15) 

It may b e   s t a t e d   i n   f o r m a l  terms that   condi t ion  (11.15)   corresponds  to   an 
absolu te   zero   t empera ture .   In   p rac t ica l  terms, an   i nves t iga t ion   o f   t h i s  s ta te  
is v a l i d   i f   t h e   s h o c k  wave passing  through  the  gas  is s o  s t rong   t ha t   t he   p re s -  
su re   be fo re  i ts  f r o n t  p1 may be  disregarded.  Equations  (11.6) are now unsui t -  
able ,   because  the  parameter  T becomes i n f i n i t e ,  and w e  must   der ive   the   re la t ion-  
ships  between A ,  B,  v, e t  cetera, d i r e c t l y  from  formulas  (9.13)  again.  For 
purposes of s i m p l i f i c a t i o n ,  w e  sha l l   omi t   t he   i ndex  2 f o r   t h e   u p p e r   q u a n t i t i e s .  

It follows from the  Hugoniot  adiabatic  equation  (11.2),   which  remains  in 
f o r c e  , t h a t  

p = hpo; (11.16) 

and t h u s ,   t h e   d e n s i t y   a t   t h e   s h o c k  wave f r o n t  is cons t an t .   I n   add i t ion ,   t he  
second  equat ion  (9 .13)   yields  

o r  

p z -  
h - I  

h 
p0112. 

From (11.16)  and  (11.17) , w e  now have 

ca = 2 = X uz, 
p h - I  

o r ,   a f t e r   e x t r a c t i n g   t h e   s q u a r e   r o o t ,  w e  have 

(11.17) 

(11.18) 

The p l u s   s i g n   b e f o r e   t h e   r o o t   c o r r e s p o n d s   t o  a diverging wave, and the  minus 
s ign   cor responds   to  a converging wave. I n   a d d i t i o n ,  w e  have 
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and ,   s imi l a r ly  

or  f i n a l l y ,  

In  addition,  from (11.16) and (11.17) we have 

or 

i .e.,  

F i n a l l y ,   t h e  first r e l a t i o n s h i p  (9 .13 )  y ie lds  

- /90 

(11.20) 

(11.21) 

(11.22) 

(11.23) 
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or ,   according  to   (11.21) ,  w e  have 

(11.24) 

Thus, w e  have  reduced  the  expressions  for   the  shock wave f r o n t   t o  /91 
t h e  form  of  (11.22),  (11.23),  (11524): 

1 

1x1;- 
U =  

I .  

1 .  

(11.25) 

These  formulas   replace  re la t ionships   (11.13) .   Since  the  second  and  third 
formulas show t h a t  Y and D are s imply   p ropor t iona l   to  X, i t  is  n o t   n e c e s s a r y   t o  
t a b u l a t e  Y and D (as   funct ions  of  X ) .  With r e s p e c t   t o   t h e   f i r s t   f o r m u l a ,   t h e  
t a b l e  i s  use fu l   he re ,   due   t o   t he   r e sence   o f  a f r a c t i o n a l  power f o r  1x1. It 
is t r u e   t h a t   t h e   f u n c t i o n  v = v (7x1) depends  on PO, j u s t  as on the  parameter ,  
and   therefore   cannot   have   un iversa l   appl ica t ion .   Therefore ,  w e  may confine 

ou r se lves   t o   t he   t ab l e   fo r   de t e rmin ing  1x1 . 1 /x 

Up t o   t h i s   p o i n t  w e  have  not  mentioned  the  computation  of R fo r   t he   shock  
wave. The r e a s o n s   f o r   t h i s  are c l ea r ly   appa ren t  - th i s   quant i ty   does   no t   change  
on t h e   d i s c o n t i n u i t y   l i n e ,   b u t  is d i rec t ly   t ransposed   f rom  the   lower   reg ion .   In  
p a r t i c u l a r ,  when a shock wave passes  through a medium a t  rest w i t h   t h e   i n i t i a l  
dens i ty  p = P O ,  t h i s   q u a n t i t y  P O  must   be   in t roduced   in   the   in tegra t ion   formula  
of  the  Lagrangian  coordinate  (1.17).  Then R = r w i l l  hold on t h e   l i n e  of   the 
shock wave f r o n t   ( s i n c e   t h i s   e q u a l i t y   h o l d s   i n   t h e   l o w e r   r e g i o n ) .  We s h a l l  
d i scuss   con t ro l   i n t eg ra t ion   o f  R a long   the  wave f r o n t   l i n e  a t  a la ter  poin t .  

The q u a n t i t y  v changes  across  the  shock wave.  Thus, the  shock wave produces 
a functional  dependence  v=v(R),  which may be employed when computing  the 
upper  region. A ' t ab le   o f   the   func t ion   v(R)  may be  compiled  almost  simul- 
taneously  with  the  computat ion  of   the  shock wave. A new l i n e  i s  added t o   t h i s  
tab le   wi th   the   ca lcu la t ion   of   each   succeeding   po in t  of t h e  wave. 

The method p r e s e n t e d   i n   t h i s   s e c t i o n  is o n l y   a p p l i c a b l e   t o   f a i r l y   s t r o n g  
shock waves. Several d i f f i c u l t i e s  are encountered when applying it t o  t h e  case 
of weak waves. This w i l l  be   d i scussed   in   Sec t ion  13, where a p r a c t i c a l  method 
f o r  computing weak shock waves w i l l  be   presented.  
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12. DECAY OF AN ARBITRARY DISCONTINUITY - 192 

L e t  us assume t h a t   t h e   i n i t i a l   d a t a   f o r   t h e  problem  contain a discon- 
t i n u i t y .   I f   t h i s   d i s c o n t i n u i t y   b e l o n g s   t o   o n e  of t he   t h ree   t ypes   desc r ibed  
above ( i n i t i a l   d i s c o n t i n u i t y   o f   a n   e x p a n s i o n  wave, contac t   d i scont inui ty ,   shock  
wave),   the  subsequent  motion may b e  computed on   t he   bas i s   o f   t he   ru l e s   p re -  
s en ted   i n   t he   p receed ing   s ec t ions .  However, t h e r e  may b e  a d i s c o n t i n u i t y   f o r  
wh ich   t he   quan t i t i e s   on   bo th   s ides  do no t   s a t i s fy   even   one   o f   t he   t h ree   t ypes  
of   re la t ionships   p resented   above   (a   so-ca l led   a rb i t ra ry   d i scont inui ty) .  It 
i s  known from  hydrodynamics tha t   such  a d i s c o n t i n u i t y   r a p i d l y   d e c a y s   i n t o   t h r e e  
(genera l ly   speaking)   d i scont inui t ies ,   each   of   which   be longs   to   one  of the   t ypes  
descr ibed   above .   In   o ther   words ,   an   a rb i t ra ry   d i scont inui ty  may always  be 
separated (by  one s i n g l e  method) i n t o   t h e  sum of t h r e e   d i s c o n t i n u i t i e s ,   e a c h  
of  which is e i t h e r   t h e   i n i t i a l   d i s c o n t i n u i t y   o f   t h e   e x p a n s i o n  wave, a contac t  
d i s c o n t i n u i t y ,   o r  a shock wave. I n   a c c o r d a n c e   w i t h   t h i s ,   t h r e e   d i s c o n t i n u i t y  

CD C? 

m LP 

Figure 30 

l i n e s   ( i f ,   f o r   p u r p o s e s  of g e n e r a l i t y ,  w e  a l s o  ca l l  t he   r eg ion   o f   t he  193 
expansion wave the   "d iscont inui ty   l ine")  w i l l  emanate   f rom  the  point   of   the  ar- 
b i t r a r y   d i s c o n t i n u i t y  on t h e   r , t - p l a n e .  

- 

Thus,  four main types of an   a rb i t r a ry   d i scon t inu i ty   decay  are p o s s i b l e ,  
which are shown i n   F i g u r e  30. The fo l lowing   no ta t ion  is  used  here:  The hori-  
z o n t a l   l i n e  - i n i t i a l   d a t a ;  CD - con tac t   d i scon t inu i ty ;  EW - expansion  wave; 
SW - shock wave. There may be   ca ses   i n   wh ich   one   o f   t he   t h ree   d i scon t inu i t i e s  
drops  out ( i ts  a m p l i t u d e   v a n i s h e s ) .   I f   t h e   i n i t i a l   d i s c o n t i n u i t y   s a t i s f i e s   t h e  
condi t ions  of   one  of   the  three main ones (CD, EW, o r  SW) , t hen   t he  "decay" may 
be   reduced   to   one  - discont inui ty .  
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Figure 32 

A type I d i s c o n t i n u i t y   a r i s e s ,   f o r  example,when diverging and  converging 
shock waves come i n  contact   (Figure 31, t h e   d a s h e d   l i n e   d e s i g n a t e s   t h e   l i n e  
which may be assumed a s   t h e   l i n e  of i n i t i a l  data fo r   t he   subsequen t   s t age   o f   t he  
problem). We s h o u l d   p o i n t   o u t   t h a t   i f  two i n i t i a l  shock  waves  haveident ical ly  
t h e  same amplitudes a t   t h e  moment  when they come i n   c o n t a c t   ( i . e .  , i f ,  for 
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example, the  upper   values   of  p co inc ide   for   them) ,   then   there  is no  contact   d is-  
c o n t i n u i t y  after the  decay. 

I f   t h e   s h o c k  wave reaches   the   contac t   d i scont inui ty ,   the   subsequent   mot ion  
be longs   t o   one   o f   t he   f i r s t   t h ree   t ypes   (F igu re   30 ) .   F igu re  32 presents   an  ex- 
ample. It is  r a t h e r   d i f f i c u l t   t o   f o r m u l a t e   t h e   c o n d i t i o n s   w h i c h  are s u f f i c i e n t  
and r e q u i s i t e   f o r   e f f e c t u a t i n g  a c e r t a i n   p o s s i b i l i t y   i n   t h e   g e n e r a l  case*. /94 
It may b e   s t a t e d   t h a t   t h e   c a s e  shown i n   F i g u r e   3 1   ( i . e . ,   t h e  case when a "re- 
f lected"  expansion wave is formed)  occurs, as a r u l e ,  when the  shock wave 
changes  from a denser   substance  (or  a more " r i g i d " )   t o  a less dense  substance 
(or less " r ig id" ) .   I n   t he   oppos i t e  case, a r e f l ec t ed   shock  wave is formed 
(Figure 30, I ) .  The s i t u a t i o n  is t h e  same, i f  one  shock wave overtakes  another .  
Case I V  (Figure  30)   only  represents   an  except ion when encoun te red   i n   p rac t i ce .  

The computation  of  the  discontinuity  decay may be   d iv ided   i n to   t h ree  
s tages :  

( 1 )   D e t e r m i n a t i o n   o f   t h e   q u a l i t a t i s   n a t u r e   o f   t h e   d i s c o n t i n u i t y   ( i . e . ,  
whether i t  be longs   to   one  of t he   t ypes   i nd ica t ed   i n   F igu re   30 ) ;  

(2) C a l c u l a t i o n   o f   t h e   i n i t i a l   v a l u e s   f o r  a l l  t h r e e   d i s c o n t i n u i t i e s ;  

(3)  Computation  of t h e   r e g i o n   d i r e c t l y   a d j a c e n t   t o   t h e   p o i n t  of t h e   d i s -  
cont inui ty   decay.  

With r e s p e c t   t o   t h e   f i r s t   p o i n t ,  i t  must b e   n o t e d   t h a t   t h e   r e s u l t  of t h e  
d iscont inui ty   decay  may be   f requent ly   p red ic ted   d i rec t ly ,   wi thout  any a d d i t i o n a l  
c a l c u l a t i o n s .   T h i s   p e r t a i n s   t o   t h e   " i n d i s p u t a b l e "  cases which a r e  similar t o  
the  meeting  of two shock  waves,  which was mentioned  above. Case I is  a l s o  
r e a l i z e d  when two l a y e r s  of a subs t ance   co l l i de   w i th   each   o the r .   I f   a t  any mo- 
ment of time two masses of substance,  which are s t a t iona ry   w i th   r e spec t   t o   each  
o t h e r  and  which a re   unde r   d i f f e ren t   p re s su res   ( fo r   example ,   i f   t he   t h in  mem- 
brane  separat ing them is  suddenly removed) come i n   c o n t a c t ,   t h e n  a type I1 o r  
I11 discont inui ty   decay  occurs  as a func t ion  of t he   l oca t ion   where   t he re  was 
g rea t e r   p re s su re .  On t h e   b a s i s   o f  a c e r t a i n  amount of  experience, it i s  pos- 
s i b l e   t o   p r e d i c t   t h e   r e s u l t   p r o d u c e d  when a shock wave passes  through a contac t  
d i s c o n t i n u i t y ,   e s p e c i a l l y   i f   t h e   d e n s i t i e s   o f   t h e   s u b s t a n c e   d i f f e r   g r e a t l y  on 
bo th   s ides   o f   t he   con tac t   d i scon t inu i ty .  

Nevertheless ,  cases are encountered when i t  is d i f f i c u l t   t o   p r e d i c t   t h e  na- 
t u r e  of the  discont inui ty   decay  beforehand.   Therefore ,  w e  s h a l l   d e s c r i b e  more 
precise  methods.  

One o f  these  methods,  which was p r e s e n t e d   i n   t h e  book by Courant and 
Fr iedr ichs ,  i s  as follows. 

- . - - " " .~ . . .  

* See Courant  and  Friedrichs.   Supersonic Flow and  Shock Waves. Chpt. 111, 
Moscow, 1950. 
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L e t  us f i r s t  examine the   r eg ion   l y ing   t o   t he   r i gh t   o f   t he   con tac t   d i scon-  
t i n u i t y  which i s  produced a f t e r   t h e  decay. E i t h e r  a diverging  shock wave may 
appear   here ,   o r  a "diverging"  expansion wave, i.e., an  expansion wave through 
which (at t h e   i n i t i a l  moment) t h e   q u a n t i t y  B remains  unchanged. I f  we  write 

t h e   r e l a t i o n s h i p   f o r   t h e   s h o c k  wave i n   t h e  form  of  (11.41,  replacing T by 

- a f t e r   s imp le   t r ans fo rma t ions  w e  ob ta in  P2 

h+l  

o r ,   a f t e r   e x t r a c t i n g   t h e   s q u a r e   r o o t  (we should recall t h a t   t h e  wave 195 
under   considerat ion is a diverging  wave), we  have 

- 

(12.1) 

We have  the  following  through  the  expansion wave ( r e t a in ing   t he   p rev ious  
no ta t ion   fo r   r eg ions  1 and  2) 

B2 E BI, Va = VI.  

Taking in to   accoun t   t he   r e l a t ionsh ips  

w e  can w r i t e  

o r  

(12.2) 

It must  be  assumed tha t   t he   quan t i t i e s   w i th   t he   i ndex  l a r e  known - 
t hese  w i l l  be   t he   " r igh t "   quan t i t i e s  a t  the   d i scon t inu i ty   po in t .  

Since p2 > p1 i n   t h e  case of the  shock wave, p2 < p1 i n   t h e  case of t h e  
expansion wave, formulas  (12.1)  and  (12.2)  determine  the  functional  dependence 
u2 = $(p2)   fo r   d i f f e ren t   va lues  of t h e  argument  p2. We may compile a curve  of 
u2, p2 (Figure 33) which  combines  both  these  formulas. 

Poin t  1 corresponds  to   values   of   ul ,   p i ,   which are genera l   for   bo th  cases. 
The upper   port ion of the  curve  corresponds  to  formula  (12.1),  and t h e  lower p o p  
t ion   cor responds  t o  (12.2). The curve as a whole  comprises a c o l l e c t i o n  of a l l  
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t h e   p o s s i b l e  states which may arise from state I a f t e r   t he   pas sage   o f   t he   shock  
wave o r   t he   expans ion  wave. 

The s i t u a t i o n  i s  a b s o l u t e l y   t h e  same f o r   t h e   r e g i o n   t o   t h e   l e f t  of t h e  
contac t   d i scont inui ty   for   the   converg ing   shock  wave,  and the  expansion wave, 
through  which A2 = A I .  Instead  of  formulas  (12.1)  and  (12.2), w e  now obta in  

I (12.3) 

J u s t  as p rev ious ly ,   t he   i nd ices  1 and 2 des igna te   the   lower  and  upper / 9 6  
q u a n t i t i e s ,   b u t   t o   t h e   l e f t   o f   t h e   c o n t a c t   d i s c o n t i n u i t y   t h i s  time. We may  com- 
p i l e  a curve  according  to  formulas  (12.3)  (Figure  34).  

- 

The q u a n t i t i e s  p and u are continuous .at the   contac t   d i scont inui ty .   This  
means t h a t   i f  w e  plot   both  curves  (Figure  33  and  34) on a general   graph  (Fig- 
u re   35 ) ,   t he   po in t  a t  which   they   in te rsec t   p rovides   us   wi th   the   va lues   o f  
i12, p2 a t  t h e   c o n t a c t   d i s c o n t i n u i t y .   I n   t h i s  way, t he   na tu re   o f   t he   d i scon-  
t i nu i ty   decay  may be  completely  determined.   I f   the   curves  are arranged as i s  
shown in   F igure   35 ,  a type I d iscont inui ty   decay   occurs ,   because   the   p ressure  

Figure 33 

I, 

Figure 34 
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Figure 35 

p on t h e   c o n t a c t   d i s c o n t i n u i t y  i s  grea te r   than   bo th  i n i t i a l  va lues .  When t h e  
curves are arranged as is shown i n   F i g u r e  3 6 ,  a type I11 occurs ,   s ince  p on t h e  
con tac t   d i scon t inu i ty  is less t h a n   t h e   i n i t i a l  p t o   t h e   r i g h t ,   b u t   g r e a t e r   t h a n  
t h e   i n i t i a l  p t o   t h e   l e f t .  

Although t h i s  method has   no  drawbacks  theoret ical ly ,  i t  is r a t h e r  cumber- 
some. The cu rves   p (u )   depend   on   t he   i n i t i a l  values on  both  s ides  of t h e   i n i -  
t i a l  discontinuity,   and  they  must  be  calculated  and  compiled anew i n   e a c h  
s p e c i f i c  case. Therefore ,   the  method presented i s  more s u i t a b l e   f o r   t h e o r e t i -  
cal  d iscuss ions  as an  instrument  of  proof,   and is n o t  a p r a c t i c a l ,  work- /97 
ing method f o r   i n v e s t i g a t i n g  a spec i f ic   d i scont inui ty .   For   th i s   purpose ,  a 
t r ial  ca l cu la t ion   o f   t he   d i scon t inu i ty  i s  much more s u i t a b l e .   S i n c e   t h i s  method 
is v e r y   c l o s e l y   r e l a t e d   t o   t h e  method f o r  computing t h e   d i s c o n t i n u i t y   i n  gen- 
eral ,  w e  s h a l l  now t u r n  t o  t h i s  problem. 

L e t  US assume t h a t  w e  are deal ing  with  one of four  types of d i s c o n t i n u i t y  
decay;   th i s   choice  may be   hypothe t ica l .  The v i c i n i t y  o f   t he   d i scon t inu i ty  is 

P 

Figure 36 
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Figure 37 

div ided   in to   four   reg ions ,   which  are des igna ted   by   the   ind ices  1, 2, 3, 4 i n  
Figure 37.  For  purposes of s i m p l i c i t y  and g e n e r a l i t y ,  we s h a l l   e x p r e s s   t h e  
lateral" d i scon t inu i t i e s   by   one   l i ne ,   a l t hough   t hey  may be  expansion waves. 

I n   t h e  la t ter  case, w e  may s t i l l  exclude  the  region  of   the  expansion wave from 
t h e   i n v e s t i g a t i o n .  

11 

We know t h e   q u a n t i t i e s   i n   r e g i o n s  1 and 2. We must  compute t h e   q u a n t i t i e s  
i n   r e g i o n s  3 and 4 (we are speak ing   o f   t he   l imi t ing   va lues   o f   t hese   quan t i t i e s  
a t  t h e   d i s c o n t i n u i t y   p o i n t ,  and no t   o f   t he   func t ions  of r and t i n   t h e s e  re- 
gions).   There are s i x  of t hese   quan t i t i e s   wh ich  w e  are seeking - f o r  example, 
u3,  p3, p3,  u4, PI.+, p 4 .  It i s  necessa ry   t o   have   s ix   equa t ions   i n   o rde r   t o  
determine them. The r e l a t i o n s h i p s   f o r  a l l  th ree   "outgoing"   d i scont inui ty  
l i n e s  - two r e l a t i o n s h i p s  on e a c h   l i n e  - represent   these  equat ions.   Thus,   the  
problem may be   reduced   to   so lv ing  a system  of s i x   e q u a t i o n s   w i t h   s i x  unknowns. 

I f  we. are dea l ing   wi th   equat ions  of s ta te  o f   t he   i dea l   gas   t ype ,  w e  may 
immediately  reduce  the  problem  to  solving one s i n g l e   e q u a t i o n .   I n   o r d e r   t o  do 
t h i s ,  w e  must  employ the  relationships  (12.1),   (12.2)  and  (12.3)  which we ob- 
tained  above. L e t  us w r i t e  them again,   changing  the  indices   in   accordance  with 
Figure 36 and   omi t t i ng   t he   i nd ices   fo r   t he   quan t i t i e s  p 3  = p4 and u3 = u4: 
t h e   r i g h t   s h o c k  wave - 198 

t he   r i gh t   expans ion  wave 
1 

u = ua + (h - 1) (V/XU2Ph+l - 62); 
- 

t h e   l e f t   s h o c k  wave 

100 
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t h e   l e f t   e x p a n s i o n  wave 

1 - 
11 = u1- (h- 1) (V/YrJ1pht-l - c1). 

(12.6) 

(12.7) 

We mus t   keep   t he   f ac t   i n  mind t h a t  .\I and h may b e   d i f f e r e n t   t o   t h e   r i g h t  and t o  
t h e   l e f t  of t h e   c o n t a c t   d i s c o n t i n u i t y .  

In   accordance   wi th   the   type   o f   d i scont inui ty   decay   which  w a s  s e l e c t e d ,  
w e  must  nowselect  the  appropriate  pair   from  formulas  (12.4) - (12.7)  and  equate 
t h e   r i g h t   p a r t s .  We ob ta in   one   equa t ion   w i th   r e spec t   t o  p.  Solving i t  ac- 
c o r d i n g   t o   t h e   g e n e r a l   r u l e s   f o r   t h e   n u m e r i c a l   s o l u t i o n  of equat ions   ( for  ex- 
ample,  by t h e  method  of i n v e r s e   l i n e a r   i n t e r p o l a t i o n ) ,  w e  may determine p a t  
t h e   c o n t a c t   d i s c o n t i n u i t y .  

We must now determine  whether   the  resul t   obtained  corresponds  to   the  type 
of   discont inui ty   decay  with  which w e  s t a r t e d .  The fo l lowing   inequal i t ies   mus t  
b e   f u l f i l l e d   f o r   t h e   f o u r   t y p e s  shown i n   F i g u r e  30: 

I f   t h e   v a l u e  w e  o b t a i n   f o r  p does   no t   s a t i s fy   t he   co r re spond ing   i nequa l i ty ,  
t h i s  means t h a t   o u r   i n i t i a l   h y p o t h e s i s   r e g a r d i n g   t h e   t y p e   o f   d i s c o n t i n u i t y  de- 
cay  has  been  refuted. We mus t   r epea t   t he   ca l cu la t ion ,   s e l ec t ing  a new type 
cor responding   to   those   inequal i t ies   which  were s a t i s f i e d  by the   va lue   o f  p ob- 
t a i n e d   t h e   f i r s t  t i m e .  I n  the  overwhelming  majority  of cases, the  second 
r e s u l t  i s  v a l i d .  We may  now f i n d  u on the   con tac t   d i scon t inu i ty   f rom  the  
appropriate  formulas  (12.4) - (12.7) ( i t  i s  almost  always  calculated  during 
the   p rocess   o f   so lv ing   t he   equa t ion   fo r  p) .  We may then   f ind   the   va lues   o f  
v3 and v4. They are s imply   t ransfer red   f rom  reg ions  1 o r  2 through  the ex- 
pansion wave, and  formula  (11.3) may b e  employed f o r   t h e  case of  the  shock 
wave. We can   f ind  2 3  and 24 and  the  remaining  quant i t ies  on bo th   s ides   o f   t he  
con tac t   d i scon t inu i ty .  

This is t h e  manner i n  which   the   d i scont inui ty   decay  i s  c a l c u l a t e d   f o r   i d e a l  
gases.  The s i t u a t i o n  is n o t  much more  complex fo r   t he   equa t ion   o f  s ta te  such 
as (5.15). The r e l a t i o n s h i p   f o r   t h e   s h o c k  wave may be   reduced   to   the   fo l lowing  
form 
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and i t  may be  reduced  to   the  fol lowing  through  the  expansion wave I99 - 

(12.9) 

In  formulas  (12.8)  and  (12.9)  the  signs are selected,   depending on which s i d e  
of   the  contact   d iscont inui ty   the  shock wave o r   t he   expans ion  wave are loca ted :  
t he   p lus   s ign  i s  s e l e c t e d   f o r   t h e   r i g h t   s i d e ,   a n d   t h e   m i n u s   s i g n  i s  s e l e c t e d  
f o r   t h e   l e f t   s i d e .  The index 2 des igna tes  u and p on t h e   c o n t a c t   d i s c o n t i n u i t y ,  
and  the  index 1 ind ica t e s   t he   co r re spond ing   ( r igh t   o r   l e f t )   l ower   quan t i t i e s .  
The rest o f   t he   ca l cu la t ion   p roceeds   i n   t he  manner described  above. 

For  an  equation  of s ta te  such as (5.22) ,   the   discont inui ty   decay is complicated 

by t h e   f a c t   t h a t   t h e  Riemann i n v a r i a n t  J$ f u i s  n o t   e x p r e s s e d   i n   t h e  form  of 

the  e lementary  funct ions  of  u and c (see Sect ion  5) .   Therefore ,   the   system  of  
equat ions  determining  the  discont inui ty   decay  include  the  fol lowing  equat ion 
i n   t h e   c a s e  of an  expansion wave, a t  least on  one s i d e  of  the  contact  discon- 
t i n u i   t y  : 

Here, the  upper l i m i t  p2 is  unknown, and t h e   i n t e g r a l  is  found by numerical 
methods ( see   Sec t ion   5) .  The remaining  equations  of  the  system may b e   w r i t t e n  
wi th   no   d i f f i cu l ty   s imi l a r ly   t o   t he   equa t ion   o f  state f o r   a n   i d e a l   g a s .  

The problem  of  the  discontinuity  decay,  which w e  a r e  now i n v e s t i g a t i n g ,  i s  
c lose ly   r e l a t ed   t o   t he   p rob lem  o f   r e f l ec t ion   o f   shock  waves from the   boundaries  
i nves t iga t ed   i n   Sec t ion  7 .  A r e f l e c t e d  wave arises a f t e r   t h e   s h o c k  wave has  
reached  such a boundary.  Depending on the  boundary  conditions,  i t  may be  both 
a shock wave (Figure  38) and an  expansion wave (Figure  39).  L e t  u s   b r i e f l y  d i s -  
cuss   the  two types of boundary  condi t ions  descr ibed  in   Sect ion 7. 

I f  a condition  such as u = u ( t )  i s  given on the  boundary,  where  the  func- 
t i o n   u ( t )  is con t inuous ,   t hen   t he   s i t ua t ion  shown in   F igure   38   occurs ,  i .e.,  
t h e   r e f l e c t e d  wave w i l l  be  a shock wave. I n   a c t u a l i t y ,   s i n c e  u on the  boundary 
w a s  given  beforehand, w e  have ul = u3 (Figure  38) .   In   addi t ion,  w e  w i l l  have 
u2 > u1 on the  shock wave “approaching”  the  boundary;  therefore,  u2 > u3,  and 
t h i s  l a t te r  i n e q u a l i t y  is c h a r a c t e r i s t i c ,   a s  w e  know, f o r  a shock wave. 

Formulas  (11.6) may be employed t o  compute t h e   i n i t i a l   p o i n t  of t h e  re- 
f l e c t e d  wave ( t h e   i n d i c e s  1 and 2 a re   r ep laced   by   t he   i nd ices  2 and 3,  according 
to   Figure  37) .  We know t h e   l e f t   p a r t  o f   t he   f i r s t   f o rmula ,  and w e  can deter- 

mine -rh+l ( i n   o r d e r   t o  do t h i s ,  w e  must s o l v e  a quadra t ic   equa t ion)  , as w e l l  as 
23 .  The second  formula  gives  us  v3, and w e  may a s s u m e   t h a t   t h e   d e s i r e d   p o i n t  
has  been computed. 

In   the  second case, the   p re s su re  is  given  on  the  boundary  in   the /100 
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form  of  the  continuous  function p ( t )  . I n   t h i s  case, p 3 = p1 , and i t  may be 
r e a d i l y   a s c e r t a i n e d   t h a t   t h e   r e f l e c t e d  wave is  an  expansion wave. Since 
p2 > p1,  then p 3  < p2.  Thus, the   case  shown i n   F i g u r e  35 has   been   rea l ized .  
I n   o r d e r   t o  compute the  expansion wave which i s  produced, i t  is s u f f i c i e n t   t o  
determine  the jump i n  A,  i .e . ,  the   va lue   o f  A3. The following  procedure may be 
followed. Knowing p 3, w e  may immediately  obtain z 3 ,  and s i n c e  v2 = v3, 
c2= v3z 3. However, w e  now have B 3  = B2 , and we may t h u s   f i n d  A 3  : 

As= 2 ( h -  l)Cs--B3. 
The method desc r ibed   i n   Sec t ion  8 may  now be employed t o   c a l c u l a t e   t h e   e x p a n s i o n  
wave, a f t e r  which  the  normal  procedure may be  fol lowed  in   computing  the bound- 
ary.  

L e t  u s   ca l cu la t e   t he   r eg ion   d i r ec t ly   ad j acen t   t o   t he   d i scon t inu i ty   po in t .  
I t  can   be   readi ly   seen   tha t   the   methods   p resented   in   the   p receding   sec t ions  
a r e   i n a p p l i c a b l e   h e r e ,   s i n c e   t h e y  assume t h a t  a r a t h e r   l o n g   c h a r a c t e r i s t i c  may 
be drawn  from the   con tac t   d i scon t inu i ty   po in t   wh ich   has   a l r eady   been  computed 
or   the   shock  wave. I t  is imposs ib l e   t o  draw any c h a r a c t e r i s t i c s  from t h e   i n i -  
t i a l  poin t  of the  discont inui ty   decay.   Therefore ,  so  long as t h e   l i n e s  of t h e  
new d i s c o n t i n u i t i e s  do not   "diverge1 '   suff ic ient ly ,   special   methods  must   be 
employed. 

For   purposes   of   def ini t ion,  l e t  us  assume tha t   our   d i scont inui ty   decayed  
according  to   type 111 (Figure 30) - i . e . ,  t h a t  a shock wave is formed t o   t h e  
l e f t ,  and an  expansion wave is formed t o   t h e   r i g h t .  We may compute the   r eg ion  
of  the  expansion wave independently,  employing  the method p r e s e n t e d   i n  / l o 1  
Sect ion 8. From t h i s   p o i n t   o n ,  w e  need  only  deal  with i ts  upper   charac te r i s -  
t i c ,  which w e  may assume t o   b e   c a l c u l a t e d  as f a r  as w e  requi re .  

Figure  38 
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Figure 39 

L e t  us  draw t h e   l i n e  d r  = u d t  f r o m   t h e   i n i t i a l   p o i n t  0 (Figure 4 0 ) ;  i t  
dep ic t s   t he   l i ne   o f   t he   con tac t   d i scon t inu i ty .  L e t  us select p o i n t  1 on t h i s  
l i n e  so  c l o s e   t o   p o i n t  0 tha t   eve ry   quan t i ty  may be  transposed  from  point 0 t o  
poin t  1 without a g r e a t  amount o f   e r ro r .  Drawing t h e   8 - c h a r a c t e r i s t i c   t o   t h e  
l e f t   o f   p o i n t  1, we may compute poin t  2 of  the  shock wave f ron t   i n   t he   no rma l  
procedure. 

L e t  us   place  point  3 on the   upper   charac te r i s t ic   o f   the   expans ion  wave, 
and l e t  us  draw the   B-cha rac t e r i s t i c  from i t  u n t i l  i t  reaches  the  contact   d is-  
cont inui ty   (po in t  4 ) .  L e t  US draw the   a - cha rac t e r i s t i c   f rom  po in t  2; t h i s  
c h a r a c t e r i s t i c   i n t e r s e c t s   t h e   c o n t a c t   d i s c o n t i n u i t y   l i n e  a t  poin t  5. By in- 
tegra t ion   over   these   segments   o f   the   charac te r i s t ics ,  w e  may compute As and B 4 ,  
and then - per fo rming   l i nea r   i n t e rpo la t ion   w i th   r e spec t   t o   po in t s  0 and 5 - we 
may c a l c u l a t e   t h e   l e f t  A a t   p o i n t  4 (we assume t h a t   p o i n t s  4 and 5 a re   l oca t ed  
as is  shown in   F igure   40 ,   o therwise  we m u s t   i n t e r p o l a t e   t h e   r i g h t  B a t   p o i n t  
5) .  We may compute poin t  4 i n   t h e  normal way. 

A f t e r   t h i s ,  l e t  us   def ine  point  1 more accu ra t e ly ,   i n t e rpo la t ing   eve ry  
q u a n t i t y   a t  i t  over   the  points  0 and 4 .  Then l e t  us r e p e a t   t h e   e n t i r e  compu- 
t a t i o n   i n   t h e  same order,   only  adding one i n t e r n a l   p o i n t  6 ,  c a l c u l a t e d   a f t e r  
t he   r eca l cu la t ion   o f   po in t  2. I f  it i s  found when t h e   c a l c u l a t i o n  i s  repeated 
t h a t   p o i n t  4 has  changed  considerably, we r epea t   t he   ca l cu la t ion   once  more 
u n t i l  a l l  of our s ix   po in ts   a re   ' ' de te rmined" .  

We would l i k e   t o   s a y  a few words regard ing   the   ca lcu la t ion   of   the   lower  
q u a n t i t i e s   a t   p o i n t  2 .  If the  " lower"   character is t ic   passes   nearby,  we must 
then select point  1 s o  t h a t   p o i n t  2 f a l l s  on t h i s   c h a r a c t e r i s t i c .   I f  /102 
t h e r e  i s  no   such   su i t ab le   cha rac t e r i s t i c ,  w e  must "create" i t ,  performing 
su i tab le   "subdiv id ing"   in   the   lower   da ta .  
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Figure 40 

A f t e r   p o i n t s 1  - 6 are computed, the  subsequent   computat ion  entai ls   no  par-  
t i c u l a r   d i f f i c u l t i e s .  On t h e   b a s i s   o f   t h e  2 - 6 - 5 c h a r a c t e r i s t i c ,  w e  may 
compute a new p o i n t  7 of   the  shock wave. Br ing ing   t he   a - cha rac t e r i s t i c   t o   t he  
r igh t   o f   po in t  4 ,  w e  may  move t h e   % - c h a r a c t e r i s t i c   t o   t h e   r i g h t ,   c l o s e r   t o   t h e  
c o n t a c t   d i s c o n t i n u i t y   l i n e ,  and w e  may then  complete   the  calculat ion of po in t  
5 .  L e t  us   then  br ing  the  a-character is t ic   f rom  point  7 ,  and cont inue  the  cal-  
c u l a t i o n  of the  shock  wave, e t  cetera. 

I f   t h e r e  i s  no  expansion wave  on t h e   r i g h t ,   b u t   o n l y  a shock  wave,  then 
w e  would b r i n g   t h e   c h a r a c t e r i s t i c   a l s o  on t h e   r i g h t  from  point 1, and  would 
compute the   po in t   o f   the   r igh t   shock  wave,  which  would p l ay   t he   ro l e   o f   po in t  
3. 

A t  the  very  beginning  of   the  computat ion,  w e  must  perform  l inear  interpo- 
l a t ion   a long   t he   con tac t   d i scon t inu i ty   l i ne .   Consequen t ly ,   t he   f i r s t   s t eps  
(0 - 4 ,  0 - 5)  must  be so  s m a l l   t h a t   t h e   e r r o r   e n t a i l e d   i n   l i n e a r   i n t e r p o l a -  
t i o n  i s  i n s i g n i f i c a n t .  The choice  of   point  1 i s  thus  determined. 

Along wi th   t he  method presented  above,  there i s  another   poss ib le  method 
f o r  computing  the  vicini ty   of   the   discont inui ty   decay  point ,   which i s  based 
on expans ion   o f   t he   so lu t ion   i n  power series i n   t h e   v i c i n i t y   o f   t h i s   p o i n t .  

L e t  us f i r s t   p r e s e n t   c e r t a i n   p r e l i m i n a r y   c o n s i d e r a t i o n s .  L e t  us  assume 
t h a t  a t  a c e r t a i n   p o i n t  on t h e  r ,  t-plane w e  know t h e   d e r i v a t i v e s   o f  u, p ,  p 

i n  any d i r e c t i o n  - = m which   does   no t   co inc ide   wi th   the   charac te r i s t ic   d i rec-  

t i o n  (m#a, m#$, m#u) . We may then   de te rmine   the   der iva t ives   o f   these   quant i -  
ties i n  any o t h e r   d i r e c t i o n .   I n   a c t u a l i t y ,  l e t  us   des igna te   t he   de r iva t ives  

d r  
d t  
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in  the  direction  m  by  Au,  Ap, Ap: 

+ m - - ,  dP 
at ar 

Ap = - 

We  thus  have 

Let  us  write  the  differential  equations  of  motion  in  the form 
(2.2): 

(12.10) 

1103 - 

(12.11) 

and  let  us  substitute  their  expressions  from (12.10), instead  of ?€L at, at. a'u After 
elementary  transformations,  we  obtain 

(12.12) 

- 2 (a - m) (p - r n )  

PC 

and,  by  definition,  differs  from  zero. 

Solving  it,  we  obtain 
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(12.13) 

In   add i t ion ,   t he   fo l lowing   equa t ion   ho lds   [ s ee   t he   de r iva t ion   o f   equa t ion  
(2.2)]  : 

We f i n d   t h e   f o l l o w i n g   f r o m   t h i s   e q u a t i o n   i n  a similar manner 

(12.14) 

Relationships  (12.13),  (12.14)  enable  us t o   f i n d   a l l  of t h e   p a r t i a l  de- 
r i v a t i v e s   w i t h   r e s p e c t   t o  r ,  and r e l a t i o n s h i p s  (12.10) enable  us t o   f i n d   t h e  
p a r t i a l   d e r i v a t i v e s   w i t h   r e s p e c t   t o  t. Knowing a l l  t h e   p a r t i a l   d e r i v a t i v e s  of 
u, p ,  p, w e  may r e a d i l y   d e t e r m i n e   t h e i r   d e r i v a t i v e s   i n  any d i r e c t i o n .  

In  p a r t i c u l a r ,   i n t r o d u c i n g   t h e   s t a n d a r d   n o t a t i o n  a + u - = - w e  /104 a d  
a t  ar d t '  

ob ta in   t he   fo l lowing   fo r   t he   d i r ec t ion  - = u d r  
d t  

(12.15) 

L e t  us now i n v e s t i g a t e   t h e  case of c h a r a c t e r i s t i c   d i r e c t i o n .  For example, 

l e t  m = a. Then, s e t t i n g  - + a- - - from the  second  equation  (12.12) we 
o b t a i n  

a a 
a t  ar - *a, 

I ap au 
PC ar dr 

= .-+-- Amu, 
uc 

PC 

and from  (12.10) 
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" 
du 
d t  dr ' - A ~ u  - c - au 

" d p  - A m p - c - .  dP 
dl dr 

Thus, excluding - and $, we arrive a t  t h e   r e l a t i o n s h i p  au 
ar 

""- I dp Ju " 

PC d l  d l  + A,u ). 
PC 

In   add i t ion ,  as a lways   a long   the   a -charac te r i s t ic  w e  have 

(12.16) 

(12.17) 

We must now obta in   the   re la t ionship   be tween  the   der iva t ives   a long   the   shock  
wave f r o n t .  We indica ted   above   tha t  a r e l a t ionsh ip   such  as (12.1)   holds   for  
the  shock wave; th i s   r e l a t ionsh ip   con ta ins   on ly   u ,  p on bo th   s ides   o f   t he   d i s -  
c o n t i n u i t y .   D i f f e r e n t i a t i n g  i t ,  we arrive a t  the   des i red   equat ion .   For  ex- 
ample, i f   o u r  wave moves i n  an   i dea l   gas ,   t hen  - d i f f e ren t i a t ing   (12 .1 )  and 
des igna t ing   t he   de r iva t ives   a long   t he  wave f r o n t  by t h e  symbol A - w e  o b t a i n  

It may be   r ead i ly   s een   t ha t   t h i s   equa t ion  i s  e q u a l l y   v a l i d   b o t h   f o r  con- / l o 5  
verging,  and fo r   d ive rg ing ,  waves. 

L e t  us now t u r n   t o   t h e   d i s c o n t i n u i t y   d e c a y  shown i n   F i g u r e  40. We s h a l l  
assume t h a t  we know the   de r iva t ives   o f   t he   l ower   quan t i t i e s  u and p a long   the  
f ront   o f   the   shock  wave e m a n a t i n g   t o   t h e   l e f t ,  as well as the   de r iva t ivaes   o f  
t h e  same quant i t ies   a long   the   upper   charac te r i s t ic   o f   the   expans ion  wave. 
The formulas  which w e  obtained  above  then  enable  us  to  determine  the  deriva- 
tives of   these   quant i t ies   a long   the  wave f r o n t  from  above and a long   the   contac t  
d i scont inui ty .  

Relationship  (12.16) is  v a l i d  t o  t h e   r i g h t   o f   t h e   c o n t a c t   d i s c o n t i n u i t y ,  
and  equations  (12.15) are v a l i d   t o   t h e   l e f t  of it. The symbol A may be em- 
p loyed   to   des igna te   the   der iva t ives   a long   the  wave front  (from  above).  The 

du q u a n t i t i e s  - d t '   d t  co inc ide   i n   bo th   fo rmulas .   Subs t i t u t ing   t he i r   exp res s ions  

from  (12.15) i n t o  (12.16) , w e  obta in   an   equat ion   ( l inear )   which  relates t h e  
d e r i v a t i v e s  Au,  Ap. The second   equa t ion   fo r   t hese   de r iva t ives  is given  by 
formula  (12.18).  Solving  these  equations, we may f i n d  Au and Ap, and  then 

from  (12.15) we f i n d  $ and g. A f t e r   t h i s  , n o   d i f f i c u l t y  is encountered   in  
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determining  the  derivatives Ap and - dp dt 

We  may  now  write  the  following  along  the  contact  discontinuity 

U = ~ o + - ( ( l - t o ) +  . . .  du 
dt 

P = P 0 - t ~ ( t - t o ) t  dP ... , 

p =  po + "(t dP " to) -t . . . , 
lit 

where  the  index 0 designates  the  quantities  at  point 0 .  Similarly,  along  the 
wave  front we have 

The  equation  for  the  contact  discontinuity  line  may  be  written  as  follows 

r = ro + uo ( t  - to) + - 1 - d 4  (C - to)' -t . . . , 
2 df 

and  the  equation  for  the  shock  wave  front  may  be  written  as 

1 = ro - t  Do (t -- to)  + 

(we  shall  leave  the  derivation  of  this  formula  to  the  reader). 

By  employing  this  line  of  reasoning, we may  find  both  the  point  on / lo6  
the  contact  discontinuity,  and  the  point  on  the  shock  wave  (these  points  must 
be  quite  close  to  point 0), after  which  the  surroundings  of  the  discontinuity 
decay  may  be  readily  calculated. When necessary,  all  partial  derivatives  of 
U, p, p on  both  sides  of  the  contact  discontinuity  may  be  readily-  determined, 
and  they  may  be  employed to compute  the  inner  points  which  do  not  lie on the 
discontinuities. 

The  derivatives  of u, p, p along  the  upper  characteristic  of  the  expan- 
sion  wave  and  along  the  shock  wave  front  (below)  must  be  determined  by  numeri- 
cal  differentiation.  Along  the  upper  characteristic  of  the  expansion  wave,  it 
is  sufficient  to  differentiate  u  and p ,  for  example;  the  derivative Aap may 
be  found  from  relatianship  (12.17). In  order  to  find  the  derivatives  along  the 
lower  shock  wave  front,  it  is  possible  (provided  that  it  is  convenient)  to 
first  differentiate u, p, p in any  direction  (which  does  not  coincide  with  the 
characteristic  direction),  and  then  to  calculate  the  derivatives  in  the  requi- 
site  direction  by  means  of  formulas  (12.10),  (12.13), (12.14). 
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It should   be   no ted   tha t   bo th  methods for   computing  the  surroundings  of  
the   d i scont inui ty   decay   po in t   en ta i l   approximate ly   the  same degree  of  accuracy, 
because  both  methods assume tha t   t he   func t ions   change   l i nea r ly   w i th in   t he   su r -  
roundings  of  the  function. The f i r s t  method i s  most   f requent ly   p refer red   in  
p r a c t i c e ,   s i n c e  it is  similar to   t he   sys t em  fo r   pe r fo rming   computa t ions   i n  
smooth reg ions   and   a l so   u t i l i zes   the   da ta   which   a re   a l ready   ava i lab le   to   the  
b e s t   e x t e n t   ( n u m e r i c a l   d i f f e r e n t i a t i o n  i s  no t   r equ i r ed ) .  
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13. SPECIAL  CASES OF THE FORMATION OF SHOCK WAVES / lo7  

It is  w e l l  known tha t   shock  waves may arise not  only  from  discontinuous 
i n i t i a l   d a t a  (and  boundary  condi t ions) ,   but   a lso  in   regions  where  the  motion i s  
not  accompanied by any   d i scon t inu i t i e s  a t  the  beginning.  Every  such case of 
"spontaneous"  formation  of  shock  waves i s  a lways   r e l a t ed   t o   t he  phenomenon of 
t h e   i n t e r s e c t i o n  of similar c h a r a c t e r i s t i c s .  The centered  compression wave 
which w a s  d i scussed   i n   Sec t ion  8 (Figure 14, on t h e   l e f t )  may serve as an ex- 
ample  of t h i s   i n t e r s e c t i o n .  A shock wave is formed a t  t h e   p o i n t  r o ,  t o .  

However, such a case - when a l l  t h e   c o n v e r g i n g   c h . a r a c t e r i s t i c s   i n t e r s e c t  
a t  one   s ing le   po in t  - is  a s p e c i a l  case, o r  - more p r e c i s e l y  - a l i m i t i n g  case. 
It most f requent ly   happens  that   an  ent i re   region  appears   which i s  covered two- 
fo ld   by   the   charac te r i s t ics   o f   one  set (Figure 41). An envelope  appears   for  
t h e s e   c h a r a c t e r i s t i c s ,   h a v i n g   t h e   c u s p i d a l   p o i n t  A.  A new shock wave begins  
from t h i s   p o i n t .  The cuspida l   po in t   o f   the   envelope  is n o t  a d i s c o n t i n u i t y  
poin t :  i t  i s  d is t inguished  by t h e   f a c t   t h a t   t h e   d e r i v a t i v e s  of u,   p,  p, e t  
cetera, a t  th i s   po in t   a r e   i n f in i t e .   The re fo re ,   t he   ampl i tude   o f   t he   shock  wave 
a r i s i n g  a t  th i s   po in t   equa l s   ze ro ,   and   on ly  a "real" d i s c o n t i n u i t y  arises. 

I n   p r a c t i c e ,  i t  i s  usua l ly   imposs ib l e   t o  make a precise   determinat ion  of  
t h e   l o c a t i o n   o f   t h e   e n v e l o p e   c u s p i d a l   p o i n t   o r   t o   i n i t i a t e   t h e   s h o c k  wave from 
zero  amplitude.  The shock wave "leaves" t h e   p o i n t  a t  which t h e   c h a r a c t e r i s t i c s  
of  one s e t ,  which d i r ec t ly   pa r t i c ipa t e   i n   t he   computa t ion   (F igu re  4 2 ) ,  f i r s t  
i n t e r s e c t .  By de te rmin ing   t he   coord ina te s   o f   t he   i n t e r sec t ion   po in t ,  w e  may 
f i n d  two values  of A over   the  two a - c h a r a c t e r i s t i c s   a r r i v i n g  a t  t h i s   p o i n t  
( i f   t hey   i n t e r sec t ed ) .   Thus ,  a d i scon t inu i ty   appea r s  a t  t h i s   p o i n t .  

S t r i c t ly   speak ing ,   t h i s   d i scon t inu i ty   mus t   be   r ega rded   a s   an   a rb i t r a ry   d i s -  
cont inui ty .  When i t  decays, a contac t   d i scont inui ty   and ,   for   example ,   an  
expansion wave are a l so   fo rmed ,   i n   add i t ion   t o   t he   shock  wave (shown by  the 
dashed l i n e   i n   F i g u r e  4 2 ) .  However, i f   t h e   i n t e n s i t y  of  our i n i t i a l  discon- 
t i n u i t y  is low, then   t hese   " s ide l '   e f f ec t s  may be  disregarded.  

I n   o r d e r   t o   d e m o n s t r a t e   t h i s ,  l e t  us   tu rn   to   formulas   (11 .13) .  The va lue  
x = 1 corresponds  to  a wave having  zero  amplitude.  L e t  us set 

x -  1 + E ,  

so  t h a t  / 108 

L e t  us expand t h e   f i r s t   p a r t s  of  formulas (11.13) i n  power series of E .  We ob- 
t a i n  
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Figure 4 1  

Thus, i f  w e  d i s regard  terms on the  order   of  E 3 ,  w e  s h a l l   h a v e  

(13.1) 

These w i l l  b e   t h e   r e l a t i o n s h i p s  on the   f ront   o f   the   shock  wave produced, i f  i t  
is f a i r l y  weak ( a t   t h e   f i r s t   p o i n t ) .  It thus   fo l lows   t ha t   t he   d i scon t inu i ty  
decay may be  disregarded.  Relationships  (13.1) are c l e a r l y   f u l f i l l e d  a t  t h e  
f i r s t   p o i n t  where   t he   cha rac t e r i s t i c s   i n t e r sec t .   The re fo re ,  i t  i s  s u f f i c i e n t  
t o   b r i n g  a (weak) shock wave from th i s   po in t   w i thou t  any c o n t a c t   d i s c o n t i n u i t i e s  
or   o ther   e f fec ts   accoupanying   the   d i scont inui ty   decay .  

We would l i k e   t o   p o i n t   o u t   t h a t   i n   a c t u a l i t y   t h e r e  is no  discon-  / lo9 
t inui ty   decay,   because  re la t ionships   (13.1)  are f u l f i l l e d  a t  the  apex  of   the 
enve 1 ope. 

NG p a r t i c u l a r   d i f f i c u l t i e s  are encountered i n  computing a shock wave which 
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Figure 42 

is thus  formed. A s  a r u l e ,  i t s  ampl i tude   increases   qu i te   rap id ly  a t  t h e   f i r s t  
p o i n t s ,   u n t i l  i t  reaches a c e r t a i n  "normal" l e v e l ,   a f t e r  which it changes com- 
para t ive ly   s lowly .  

Cases a r e   p o s s i b l e   i n  which  the  shock wave, being weak when produced, re- 
mains weak from t h a t   p o i n t   o n ,  so  t h a t   r e l a t i o n s h i p s   ( 1 3 . 1 )   c o n t i n u e   t o   b e  
f u l f i l l e d   w i t h i n   t h e  limits of   the  assumed  accuracy. On the   o ther   hand ,  a 
"normal,"  strong  shock wave c a n   l a t e r  become weak; t h e r e  are p o s s i b l e  cases i n  
which weak shock waves are  produced  during a d i scon t inu i ty   decay .   In  a l l  such 
cases ,  w e  must  employ formulas  (13.1)  which are incomparably  simpler  than  the 
cus tomary   r e l a t ionsh ips   fo r   t he  wave f r o n t .  We must  add t h a t   t h e   e x p r e s s i o n  
f o r   t h e  wave v e l o c i t y  D f o r  weak waves is s impl i f ied   cons iderably .  It can  be 
readily  found  from  formulas (11.8), (11.9)  and  (11.12)  that 

Expanding   the   r igh t   par t   in   powers   o f  E = x - 1, w e  o b t a i n  
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Thus, within  an  accuracy  of terms on the   o rder   o f  E ~ ,  w e  have 

I d.1 for   d ive rg ing  wave 

82  + 81 .) for   converg ing  wave 
(13.2) 

It is t rue  that   the   accuracy  of   (13.2)  i s  one  order  of  magnitude less t h a n   t h a t  
of  (13.1),  but i t  may b e   s u c c e s s f u l l y  employed i n   s e v e r a l  cases. 

The computation  of weak shock  waves  has several d i s t i n g u i s h i n g   f e a t u r e s .  
The q u a n t i t y  D d i f f e r s   v e r y  l i t t l e  from a (or ,   accord ingly ,  6). Therefore ,   the  
"ove r t ak ing t t   cha rac t e r i s t i c s   a r e   a lmos t   pa ra l l e l  t o  t h e   d i s c o n t i n u i t y   l i n e ,  
i n t e r s e c t i n g  i t  a t  a very  narrow  angle.  This  fact makes i t  almost   impossible   to  
employ the  second method f o r  computing  shock waves (Sect ion 11, Figure 29): 
the   coord ina tes   o f   po in t  2 are  determined  with a g r e a t  amount of   e r ror .  The 
f i r s t  method  must  always  be  employed when computing weak shock waves (Figure  28). 
We must p o i n t   o u t   t h a t   p o i n t  3 is  f r equen t ly   ve ry   c lose   t o   po in t  1; t h e r e f o r e ,  
one may employ l i n e a r   i n t e r p o l a t i o n   i n   o r d e r   t o   f i n d   q u a n t i t i e s  a t  t h i s   p o i n t .  

It must be   no ted   tha t  i t  i s  on ly   necessa ry   t o  compute t h e  weak ) 110 
shock wave i f ,   f o r  some reason   o r   o the r ,  i t  is  n e c e s s a r y   t o  trace a l l  t h e  de- 
t a i l s  of i t s  motion as accura te ly  as poss ib le .  I n  genera l ,  weak waves may be 
disregarded.   In   actual i ty ,   according  to   formulas   (13.1)   the  corresponding 
Reimann invariant   and  entropy do not  undergo a d i scon t inu i ty   a long   t he   " in t e r -  
s e c t i n g "   c h a r a c t e r i s t i c s ,   a n d   t h e r e f o r e   t h e y  may be   in tegra ted   th rough  the   d i s -  
cont inui ty   l ine .   Thus ,   the   necess i ty   o f   an   accura te   de te rmina t ion   of   the  wave 
f r o n t   p o s i t i o n  is  el iminated,  and t h e   c a l c u l a t i o n  may proceed as though  there  
were no   d i scon t inu i ty .  It is t r u e   t h a t   t h e   l t o v e r t a k i n g t '   c h a r a c t e r i s t i c s  may 
i n t e r s e c t  from time t o  time, and they   mus t   be   d i sca rded ,   bu t   t h i s   f ac t   en t a i l s  
no spec ia l   compl ica t ions .  

The phenomenon  of shock wave format ion   wi th   cont inuous   in i t ia l   da ta ,   which  
we i nves t iga t ed ,   p l ays   an   impor t an t   ro l e   i n   t he   p rob lems   r e l a t ed   t o   t he  
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Figure 4 4  

"smoothing  out" of t h e   d i s c o n t i n u i t i e s .  When so lv ing  a c e r t a i n  problem up t o  
a s p e c i f i c  moment i n  t i m e  t ,  i f  w e  a t tempt   to   e l imina te   the   shock  waves by re- 
p l ac ing   t he   d i scon t inuous   i n i t i a l   da t a   ( fo r   t he   subsequen t   s t age )  by the  con- 
t inuous   da ta   [ see   F igure  4 3 ;  the   graph  of   u(r)  i s  given as an  example], as the  
ca lcu la t ion   proceeds  a l l  o f   t hese   d i scon t inu i t i e s   a r e   r ap id ly   r e s to red  due t o  
t h e   i n t e r s e c t i o n   o f   t h e   c h a r a c t e r i s t i c s .  Thus, i t  i s  u s e l e s s   t o  "smooth out" 
the  strong  shock  waves.  

This   per ta ins   on ly   to   the  method o f   c h a r a c t e r i s t i c s   i n v e s t i g a t e d   h e r e .  
In   r ecen t  years,  d i f f e rence  methods fo r   numer i ca l   i n t eg ra t ion   o f   equa t ions   o f  
hydrodynamics  have  been  widely  discussed,  beginning  with  the work  by Neumann 
and  Richtmeyerk.  These  methods are based on "smoothing  out"  the  discontinui- 
t ies .  The d i f fe rence   equat ions  are chosen S O  t h a t   t h e   i n t e g r a l  laws of con- 
se rva t ion   (1 .19 )   a r e   a lways   fu l f i l l ed   (w i th in  a certain  degree  of  accuracy)& 
independen t ly   o f   t he   na tu re   o f   t he   func t ions   t o   be  computed. The s o l u t i o n  is  
everywhere  cont inuous;   instead  of   discont inui t ies ,   there   are   regions of  r ap id  
change i n   t h e   q u a n t i t i e s  - t h e   d i s c o n t i n u i t i e s  "are smoothed  out". 

I n   c e r t a i n   r e s p e c t s ,   t h e s e  methods a r e   i n f e r i o r   t o   t h e  method  of  charac- 
terist ics.  They do no t   enab le   u s   t o   fo l low  in   de t a i l  a l l  of t h e   d i s c o n t i n u i t i e s  
- both  strong  and weak - or t o   d e r i v e  a comprehensive  and  detailed  picture  of 
the  motion,   the   exact   boundaries   of   the   regions  of   inf luence,  e t  cetera. On 
- t h e   g t h e r  hand, - t h a  h-ave s e v e r a l   d e f i n i t e   a d v a n t a g e s ,   t h e  most important  of 
* Neumann, J. and  Richtmeyer. J. Appl.  Phys.  21,  232-237,  1950.  See a l s o  

Godunov, S. K. Uspekhi Matem.  Nauk, 12,  No. 1 (73),  176-177,  1957. 
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Figure 45 

which i s  l o g i c a l   s i m p l i c i t y .  The d i s c o n t i n u i t i e s  do n o t   d i f f e r   i n   f o r m a l  
terms from  the  regions,  and may be computed according  to   the  formulas  
which  apply t o  them.This f a c t  is  most important when per forming   ca lcu la t ions  
on electronic   computers .  

It i s  f u l l y   p o s s i b l e   t h a t   c a s e s  may a r i s e   i n  which  one par t   of   the   problem 
i s  calculated  by  one  method,  and  the  other  part  i s  ca l cu la t ed .by   ano the r  method. 
L e t  us  assume, for   example,   that   the   beginning o f  motion i s  computed according 
to   difference  formulas   based on ' ' smoothing  out"   of   the   discont inui t ies .  L e t  
us assume that   the   computat ions are performed up t o  a c e r t a i n  moment i n  t i m e  
t = t o .  Af te r   th i s ,   the   computa t ion  i s  continued  by  the method  of charac te r i s -  
t ics  f o r   c e r t a i n   r e a s o n s .   F o r   t h i s  new s t age ,   t he   r e su l t s   de r ived   f rom  the  
preceding   ca lcu la t ions  - which  provide  the  values   of   the   funct ions  of   u ,   p ,  p, 
etc. ,  t o   b e  computed i n   t h e   c a s e   o f  t = t o  - w i l l  serve as t h e   i n i t i a l   d a t a .  

It  follows  from  the  statements  presented  above  that  i f  s u c h   i n i t i a l   d a t a  
contain  smothed  shock  waves,  then,  during  the  subsequent  computational  process, 
these  shock  waves w i l l  be   produced  very  rapidly  again  as   "real"   s t rong  discon-  
t inu i t ies .   Therefore ,   before   the   computa t ion  i s  i n i t i a t e d   u s i n g   t h e  /112 
method  of c h a r a c t e r i s t i c s ,  it i s  recommended t h a t   t h e   i n i t i a l   d a t a   b e   s t u d i e d  
ca re fu l ly ,   i n   o rde r   t o   d i scove r   be fo rehand   a l l   o f   t he   "h idden"   shock  waves 
and t o  convert  them i n   t h e   i n i t i a l   d a t a   i n t o   s t r o n g   d i s c o n t i n u i t i e s   i n   o r d e r  
t o   e l imina te   t he   necess i ty   o f   dea l ing   w i th  ti?& i n t e r s e c t i o n   o f   c h a r a c t e r i s t i c s  
a t  a later poin t .  

This   unusual   "s tabi l i ty"   of   the   shock waves  does  not   extend  to   the  contact  
d i s c o n t i n u i t i e s .  I f  such a decay i s  smoothed o u t ,  i t  i s  not  "spontaneously" 
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res tored .  It does   no t   fo l low  f rom  th i s ,   however ,   tha t  - f o r  example, when a 
shock wave passes  through  such a "hidden"  contact   d iscont inui ty  - t h e  phenomena 
accompanying the  shock wave passage  through a "real" d i s c o n t i n u i t y  w i l l  be  
completely  absent.  I f ,  f o r  example, w e  t r y   t o  smooth out   the   contac t   d i scon-  
t i n u i t y  shown i n   F i g u r e  32, when the  shock wave passes  through it t h e   p i c t u r e  
shown i n   F i g u r e  44 is obtained. The region  of   the  "diffused"  contact   d iscon-  
t i n u i t y  is shown by the   dashed   l i ne .  A s  w e  may see, t h e   d i f f e r e n c e  l ies e n t i r e l y  
i n   t h e   f a c t   t h a t   t h e   e x p a n s i o n  wave p a s s i n g   t o   t h e   l e f t  i s  n o t  a centered wave. 
I f   t h e   n a t u r e   o f   t h e   d i s c o n t i n u i t y   d e c a y  were d i f f e r e n t  - i f   t h e   s h o c k  wave 
p a s s e d   t o   t h e   l e f t  - w e  would o b t a i n   t h e   p i c t u r e  shown i n   F i g u r e  45. "The l e f t "  
shock wave arises due t o   t h e   i n t e r s e c t i o n  o f   t h e   c h a r a c t e r i s t i c s .  A s  can  be 
seen, no impor t an t   s imp l i f i ca t ions  are introduced when the   contac t   d i scont in-  
u i t y  is smoothed out .  It mus t   be   added   t ha t   i f   t he   r eg ion  of t h e  smoothed-out 
con tac t   d i scon t inu i ty  is as s t r o n g  as d e s i r e d ,  i t  w i l l  con ta in   l a rge   g rad ien t s  
of   entropy,   densi ty ,   and  other   quant i t ies .   This   causes   the  error   to   increase 
and   l eads   t o   t he   necess i ty   o f   dec reas ing   t he   s t ep   i n   t h i s   r eg ion .   The re fo re ,  
w e  cannot recommend t h a t   t h e   s t r o n g   c o n t a c t   d i s c o n t i n u i t i e s  b'e smoothed out .  
The weak, small, and  unimportant   discont inui t ies  may be ,  and frequently  must 
be,   disregarded. 
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14. SEPARATION - 1113 

As we have  a l ready  pointed  out ,   the   possible   formation of zero  and  nega- 
t ive pressures   des igna t ing   the  phenomenon of t ens ion  is a c h a r a c t e r i s t i c   f e a -  
t u r e  of substances  with  an  equation  of state such as (5.15) .   In  a l l  such cases 
we must   cons ider   the   poss ib i l i ty   o f   des t ruc t iLn  of the  substance.  

The problem  of how  much tens ion  a ce r t a in   subs t ance  may sus ta in   under  
g iven   condi t ions  i s  q u i t e  complex,  and w e  s h a l l   n o t   i n v e s t i g a t e  it. We s h a l l  
select only   one ,   ra ther   idea l ized  scheme f o r   t h e  phenomenon under  considera- 
t i o n .  We s h a l l  assume tha t   subs t ances   canno t   sus t a in   nega t ive   p re s su res ,  

motion  accompanied by such   l a rge   pos i t i ve  and nega t ive   p re s su res   t ha t   t he  
tensions,   which  our   substance  can  sustain,   can  be  disregarded.  

- in   genera l .   This   assumpt ion  may be  regarded as v a l i d  when w e  are dea l ing   wi th  

a - 
4 P - 

Po 
Figure 46 

From a purely  thermodynamic  point  of view, it may be assumed t h a t  we are 
i n v e s t i g a t i n g  a substance  with  the  fol lowing  equat ion of state: 

(14.1) 

The curves p = p ( p )   i n   t h e  case of k = const  consequently  have a bend  (Figure 
46).  A s  w e  may v e r i f y ,   t h i s   f a c t   h a s  a s i g n i f i c a n t   i n f l u e n c e  on s e v e r a l  of 
the   computa t iona l   s teps .  

According to   ou r   de f in i t i on   expres sed  by equation  (14.1),  no regions of 
nega t ive   p ressure  may arise. Instead,  regions  of  zero  pressure  appear,   which 
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correspond  to   the   mot ion   of   the   des t royed   subs tance .  W e  s h a l l  ca l l  them reg- 

equat ions (1.19) - (1.20) ; only condi t ion p = 0 must   be  taken  into  considera-  
t i o n .  

" ions  of s epa ra t ion .   In   t he   r eg ion  of s e p a r a t i o n ,   t h e   m o t i o n   s a t i s f i e s   t h e  

However, i t  w i l l  be   nore   advantageous   for   us   to  emply the   equat ions  of 
gas  dynamics i n   t h e  Lagrange  representation,  ana w e  may select t h e   q u a n t i t y  q 
equa l l ing   t he  mass M which i s  determined by equat ion (1.4) as the  Lagrangian 
coordinate.  /114 

dq = prV(dr - u dt). 

A s  is known, the  Lagrange  equations  have  the  following  form: 

(14.2) 

A- 

Figure 47 

It follows  from (1.4)  t h a t  p = r a r  a long   t he   c ros s   s ec t ion  t = const.  There- 

f o r e   t h e   e q u a t i o n  of d i s c o n t i n u i t y  may b e   w r i t t e n  as fol lows 

-v acJ. 

(14.3) 
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and t h e r e f o r e  

It fol lows  f rom  the  Euler   equat ion  [ the  second  equat ion  of   system /115 
(14 .2 ) ]   t ha t   i n   t he   s epa ra t ion   r eg ion ,   where  p = 0,  t h e   p a r t i c l e s  of t h e  sub- 
s t a n c e  move independently of each   o ther   wi th   cons tan t   ve loc i t ies   a long  recti- 
l i n e a r   t r a j e c t o r i e s .   I n t e g r a t i n g   t h e  las t  equation  of  system  (14.2), w e  ob- 
t a i n  

r - ut = f (u), (14.4) 

where  f(u) i s  an   a rb i t r a ry   func t ion .  

I n   o r d e r   t o   d e t e r m i n e   t h e   d e n s i t y  p ,  l e t  u s   d i f f e r e n t i a t e  (14.4) 

dr - u dt = ( f  + f ‘ )  du. 

The p r i m e   s i g n   d e s i g n a t e s   d i f f e r e n t i a t i o n   w i t h   r e s p e c t   t o  u. S u b s t i t u t i n g   t h i s  
expres s ion   i n   (1 .4 ) ,  we o b t a i n  

d9 = pr’ ( f  ” f ’ )  du. (14.5) 

The r i g h t   p a r t  may be   an   exac t   d i f fe ren t ia l   on ly  when p r v   ( t  + f ’ ) depends 
only on u, i. e., 

pr’ ( t  t f ’ )  = F (u) .  

We thus  have 

(14.6) 

where  F(u) i s  a new a rb i t r a ry   func t ion .   S ince   t he   ve loc i ty  u is a function  of 
q (or  R ) ,  i n   t h e   s e p a r a t i o n   r e g i o n  

s = s (u). (14.7) 

Formulas   (14.4) ,   (14.6)   and  (14.7)   provide  the  total   solut ion  for   the equa- 
t i o n s  of motion i n   t h e   s e p a r a t i o n   r e g i o n ;   t h e r e f o r e ,   n u m e r i c a l   i n t e g r a t i o n  is 
superf luous  here .  The a r b i t r a r y   f u n c t i o n s   f ( u ) ,  F(u) and  S(u)  must  be de- 
termined a t  t h e  moment t h e   s e p a r a t i o n  i s  formed. L e t  us now d i s c u s s   t h i s   s t e p .  

L e t  us f i r s t  assume t h a t  w e  have   ca lcu la ted  a ce r t a in   r eg ion   acco rd ing   t o  
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the   equat ion  of  s ta te  (5.15),  and l e t  us assume t h a t  as a r e s u l t  w e  have   a r r ived  
a t  a negat ive   va lue  of p. L e t  DEE (F igure   47)   be   the   l ine  on which p = 0. The 
separation  must  develop i n  the   r eg ion   l y ing   above   t h i s  line. 

L e t  u s   i n v e s t i g a t e   t h e   , t r a j e c t o r y  ABC of a c e r t a i n   p a r t i c l e .  The BC por- 
t i o n  of t h e   t r a j e c t o r y  w i l l  l i e  i n   t h e   s e p a r a t i o n   r e g i o n ;   i n   p a r t i c u l a r ,  p is  
determined  by  formula  (14.6). It is  appa ren t   t ha t   t he   s epa ra t ion  can be  formed 
on ly   i f ,   a cco rd ing   t o   (14 .6 ) ,  p cont inues   to   d rop   a f te r   pass ing   th rough  the  
poin t  B. We may  now show t h a t   i n   o r d e r   t o  do t h i s  it is  necessary   and   suf f i -  
c i e n t   t h a t   t h e   d i r e c t i o n   o f   t h e   l i n e  p 5 0 be space l ike  a t  t h e   p o i n t  B. "- 

I n   t h e   s e p a r a t i o n   r e g i o n  u is a function  only  of q.  Therefore,   the  1116 
de r iva t ive   o f   t he   func t ion  p w i t h   r e s p e c t   t o  t i m e  a l o n g   t h e   t r a j e c t o r y  may 
be   wr i t ten ,   accord ing   to   (14 .3) ,   in   the   fo l lowing  form 

I 
\ 7 -Y 
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\ \ 
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\ 
\ 
\ 
\ 
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o \  
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\ 
\ 
\ 

\ 

\ 

Figure  48 

(14.8) 

For the   fo rma t ion   o f   t he   s epa ra t ion ,  i t  is n e c e s s a r y   a n d   s u f f i c i e n t   t h a t   t h e  
r i g h t   p a r t   i n  (14.8)  be  negative  or,  which is  t h e  same th ing ,   t ha t   t he   exp res -  
s ion   i n   t he   pa ren theses   be   pos i t i ve .   Th i s   exp res s ion   nay   be  computed  by tak ing  

t h e   q u a n t i t i e s   u ,  p ,  r a t  p o i n t  B and   t he   de r iva t ive  - by d i f f e r e n t i a t i o n   a l o n g  
du 
dq 
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t h e  p = 0 l i n e  - empzoying the   func t ions   i n   t he   r eg ion   ou t s ide   o f   t he   s epa ra -  
t i o n .  

L e t  dq = A d t   ho ld   a long   the   curve  p = 0. Then -,and consequent ly   the 

d e r i v a t i v e  * a t ,  can  be  expressed by p a r t i a l   d e r i v a t i v e s   i n   t h e   r e g i o n   o u t s i d e  

of   the   separa t ion   accord ing   to   the   fo l lowing   formulas  

du 
dq 

and 

(14.9) 

(14.10) 

L e t  us  express e and - along  the p = 0 l i n e  by on t h i s   l i n e .  1117 au 
aq  a4 - 

It fol lows  f rom  the  second  equat ion  of   the  system  (14.2)   that  

Since  the  fol lowing  equat ion  holds   a long  the p = 0 l i n e  

(14.11) 

(14.12) 

by  employing the  3rd  and 1st equations  of  system  (14.1)  and  (14.4), w e  ob ta in  

the  fol lowing  re la t ionship  between * and  along  the p = 0 l i n e :  
aq aq 

Subs t i t u t ing   t he   expres s ions   ob ta ined   fo r  at and - i n   (14 .10 ) ,  w e  o b t a i n   t h e  

v a l u e   o f   t h e   d e r i v a t i v e   a l o n g   t h e   t r a j e c t o r y   i n   t h e   s e p a r a t i o n   r e g i o n  as 
follows 

au  au 
a q  

a t  

P (14.1.3) 

x 1 L e t  u s  des igna te  - by  y. The express ion   in   paren theses  is then - - y. 
cprv Y 
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Figure 48 presents  a graph of t h i s   f u n c t i o n .  An examination of t h i s   g r a p h  

r ead i ly  shows t h a t  3- < 0 is fu l f i l l ed   unde r   t he   fo l lowing   cond i t ions  : a t  

(1) i f  .!& < 0, t h e n   e i t h e r  y < - 1 or  0 < y < 1, 

(2)’ i f  ?I?. > 0, t h e n   e i t h e r  y > 1, o r  - 1 < y < 0. 

as 

aq 
I (14.14) 

I n   a c t u a l i t y ,   i n   t h e   f i r s t  case on ly   t he   i nequa l i ty  y < - 1 can  hold, and 

in   the   second case - y > 1 - because   the   inequal i ty  ?E. < 0 * > 0 means t h a t  

the   reg ion   ou ts ide   o f   the   separa t ion  lies t o   t h e   l e f t   ( t o   t h e   r i g h t )  and  below 

t h e  p = 0 c u r v e   i n   t h e   ( 9 ,   t )   p l a n e  - i .e.  , X = 5% < 0 (> 0 ) .  Since  cpr > 0 ,  

y  must have  the same sign.  According  to ( 1 . 4 )  9 

aq (aq ) 
V 

d t  

We thus  have 

Consequently, 

h i dr < - P i n   t h e   f i r s t   c a s e ,  
CPr” C -.) (> 1 i n   t he   s econd  case. 

y=-= -  

/118 

(14.15) 

dr - < u - c = p  
dl  i n   t h e   f i r s t   c a s e ,  I (14.16) 
dr - > u  -b C = a in   the   second  case .  
d l  

This means t h a t   t h e  p = 0 l i n e  a t  a given  point  i s  spacelike,   which  must be 
p r oven. 

L e t  us now assume t h a t  as a r e s u l t  of the  computat ion  with  negat ive  pres-  
s u r e  w e  have  obtained  the p = 0 l i n e ,  which i s  loca ted  as is  sRown i n   F i g u r e  
49 wi th  respect t o   t h e   g r i d  of t h e   c h a r a c t e r i s t i c s .  To t h e   r i g h t  of po in t  A 
t h i s   l i n e  is s p a c e l i k e ;   t o   t h e   l e f t  of po in t  A i t  is  t imel ike.   According  to   the 
s ta tements   presented  above,   the   separat ion  develops  to   the  r ight  of po in t  A be- 
yond t h e  p = 0 l i n e ;   t h e r e  i s  no s e p a r a t i o n   t o   t h e   l e f t  of po in t  A. Conse- 
quen t ly ,   t he  AC l i n e  must e x i s t ,  which   de l inea tes   the   separa t ion   reg ion   to   the  
l e f t ;   t o   t h e   l e f t  of t h i s   l i n e  p > 0 w i l l  hold  everywhere.   Thus,   the   quant i t ies  
wi th in   the   angle  BAC d i f f e r  from  those  which would be  obtained  with  allowance 
for   the   separa t ion .   This   reg ion  i s  sub jec t   t o   r eca l cu la t ion .   In   conc re t e  terms, 
t h i s  mus t   be   exp res sed   i n   t he   f ac t   t ha t   @-cha rac t e r i s t i c s  - which   en te r   t h i s  
region  through  the AC l i n e  - must   carry  with them t h e  Reimann i n v a r i a n t s  re- 
f l e c t i n g   t h e   i n f l u e n c e  of t h e   s e p a r a t i o n   i n   t h e   r e g i o n   l y i n g   t o   t h e   r i g h t  of t h e  
AC l i n e .  
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Figure 49 

However, t h e r e  are no a- and @ - c h a r a c t e r i s t i c s  i n  t h e   s e p a r a t i o n  /119 
region. The p a r t i c l e s  move independently of each   o the r ,   and   a l l   o f   t he   i n t e r -  
a c t i o n  is  t ransmi t ted   on ly   a long   the   t ra jec tory .   In   o rder   tha t   the   e f fec t  
indicated  above may be   mani fes ted ,   th i s  means t h a t  i t  i s  necessa ry   fo r   t he  
p a r t i c l e   t r a j e c t o r i e s ,  which i n t e r s e c t   t h e   l i n e  p = 0 t o  the   r i gh t   o f   po in t  A ,  
t o   a l s o   i n t e r s e c t   t h e   l i n e  AC. In   o ther   words ,   there  must  be a f l u x  of  mat- 
ter from r i g h t   t o   l e f t   t h r o u g h   t h e   l i n e  AC. 

There i s  no   bas i s   for   assuming  tha t  a l l  of the  quant i t ies   change  cont in-  
uous ly   th rough  the   l ine  AC. Formula  (14.6) shows t h a t   t h e   d e n s i t y  p on t h e  
t r a j ec to ry   w i th in   t he   s epa ra t ion  is determined  exclusively by t h e   i n i t i a l   d a t a  
on t h e  p = 0 l i n e ;  when t h e   t r a j e c t o r y   r e a c h e s   l i n e  A C ,  p upon it  may have any 
magnitude. To t h e   l e f t  of t h e   l i n e  AC, p >, 0 must  hold  which - accord ing   t o  
the  equat ion  of  s ta te  (14.1) - imposes s p e c i f i c   l i m i t a t i o n s  on p .  

A l l  of these   s ta tements  show t h a t   t h e   l i n e  AC is a shock wave. We s h a l l  
now d e r i v e   t h e   r e l a t i o n s h i p s   f o r   t h e   f r o n t   o f   t h i s  wave ( i t  is apparent   tha t  
the  formulas  which w e  obtained  previously are unsu i t ab le ;   t he   l ower   quan t i t i e s  
do no t   s a t i s fy   ou r   cus tomary   equa t ion   o f   s t a t e ) .  We may start with  equat ions 
(9.13),  which we ob ta ined   d i r ec t ly   f rom  the  l a w s  of  conservation. L e t  us 
commence wi th   the   der iva t ion   of   the   Hugonio t   ad iaba t ic   equa t ion .  

The express ion   for   the   in te rna l   energy   of   our   subs tance  is  known [see 
(11.14) 3 : 
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(14.17) 

However, t h i s   fo rmula  is no t   app l i cab le   w i th in   t he   s epa ra t ion   r eg ion .  The par- 
ticles do no t  interact i n   t h i s   r e g i o n ;   t h e   i n t e r n a l   e n e r g y  of   each  par t fc le  
remains  constant.  It immediately  follows  that  i n  the   s epa ra t ion   r eg ion  E re- 
t a i n s  a cons t an t   va lue   a long   t he   pa r t i c l e   t r a j ec to ry ,  and  does not   depend,   in  
par t icu lar ,   on   dens i ty  p .  

On t h e  p = 0 l i n e ,  w e  s h a l l   h a v e  

or,   according  to  (5.21) , w e  have 

(14.18) 

( s ince  p = 0 ,  then z = 1) .   S ince   bo th  v  and E remain  constant  during  subse- 
quen  motion  along  the  trajectory,   (14.18)  remains  valid  within  the emtire 
separa t ion   reg ion .  

The t h i r d   r e l a t i o n s h i p  (9.13) may  now be   wr i t t en  as fol lows - /120 

P2 + P o 4  4 
""E" 

(x-i)p* %-I 2 ( y ) .  

L e t  us set (J = -. After  simple  computations,  w e  ob ta in   the   fo l lowing  p 2  
P 1  - 

Hugoniot   adiabat ic   equat ion,  

5 =  - hps -I- (h - 1) POCi 

Pa f (h - i) PI.: 

Subs t i t u t ing  z fo r   p ,   a cco rd ing   t o   (5 .19 ) ,  w e  ob ta in  

hZ$+' + 1 
a =  ~. 

It follows  from  (5.21)  that  

(14.19) 

(14.20) 
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Therefore,  we have  the  following  from (14.20) 

z;+1 $- (h -1 1) - w - 1 
2 ci h-1 

v2 == - z2 C; 
~. , 

P 
8, hz,h+' + Z 

where is designated by 6 .  
0 

We may write the  second  equat ion  (9 .13)   in   the  fol lowing  form 

and  by means of  (14.20) w e  may r e a d i l y   o b t a i n  

F i n a l l y ,   t h e   f i r s t   r e l a t i o n s h i p   ( 9 . 1 3 )  

may be   reduced   to   the   fo l lowing  form 

Collect ing  the  formulas   (14.21)  - (14.23) a l l  toge ther ,  we o b t a i n  a 
system of r e l a t i o n s h i p s  for our  shock wave 
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(14.22) 

(14.23) 

/121 

(14.24) 



Equations  (14.24) are completely similar to   equat ions   (11 .6) ;   the   shock  
wave may b e  computed  by t h e  method p resen ted   i n   Sec t ion  11. 

Thus , t h e   s e p a r a t i o n  may be computed i n   t h e   f o l l o w i n g  way. 

Af te r  a pressure  decrease  below  zero  has   been  detected,   the   l ine p = 0 
must  be  determined  on  the r, t plane.   This  is  done  by a small computation i n  
the   reg ion   of   nega t ive   p ressures ,   wi th   subsequent   in te rpola t ion   a long   the  
c h a r a c t e r i s t i c s   f o r   t h e   v a l u e  p = 0 (or,  which is  t h e  same t h i n g ,   f o r  z = 1). 
The q u a n t i t i e s  r,  t ,  u, v, 6 ,  R are determined a t  p o i n t s   o n   t h i s   l i n e .  

There is a spacelike  segment on t h e   l i n e  p = 0. The shock waves enclos- 
i n g   t h e   s e p a r a t i o n  w i l l  emanate  from  the  ends  of  this  segment. 

The q u a n t i t y  f = r - u t  may be computed a t  a l l  p o i n t s  on t h i s  segment. A 
t a b l e  may be  compiled, whose  argument is u,  and whose func t ion  i s  f .  Then, by 
n u m e r i c a l   d i f f e r e n t i a t i o n   a c c o r d i n g   t o   t h i s   t a b l e ,  w e  may o b t a i n   t h e   d e r i v a t i v e  

f '  = - and may ca l cu la t e   t he   fo l lowing   quan t i ty  df 
du 

The values  of f '  and F a t  each  point  on t h e   i n i t i a l  segment  of t h e  p = 0 l i n e  
are w r i t t e n   i n   t h e   t h i r d  and  fourth columns of t h i s   t a b l e .  The f i f t h  column 
contains  v and t h e   s i x t h  column contains  the  Lagrangian  coordinate R. 

A f t e r   t h i s   t a b l e  is  prepared,  the  shock waves enc los ing   the   separa t ion  may be 
computed. A s  a rule ,   they  have  zero  ampli tude a t  t h e   i n i t i a l   p o i n t ,  and t h e  
q u a n t i t f D   r e m a i n s   i n d e t e r m i n a t e   i n   c o n t r a s t   t o  %ormall'  waves.  This mav be 
explained by t h e   d i s c o n t i n u i t y   i n   t h e   e q u a t i o n   o f   s t a t e   ( s e e   F i g u r e   4 6 ) .  The 

d e r i v a t i v e  * d o e s   n o t   e x i s t   a t   t h e   d i s c o n t i n u i t y   p o i n t ,  and therefore   the   speed  

of  sound c is  indeterminate.  
a P  

We must se t  D = u a t  t h e   i n i t i a l   p o i n t .  It is  recommended t h a t   t h e   f i r s t  
s t ep   a long   t he  wave f r o n t   l i n e   n o t   b e   t o o  small, s o  t h a t  a f a i r l y   a c c u r a t e  /122 
determination  of D may be made a t  t h e   f i r s t  computed p o i n t .  

After   the   coordinates   of   the   subsequent   point  on t h e   f r o n t  are determined, 
it is  n e c e s s a r y   t o   f i n d   t h e   l o w e r   q u a n t i t i e s   u l ,  V I ,  01. The q u a n t i t y   u l  may 
be  found  from  the  equation 

f - ut = f (u) 

by means o f   t he   t ab l e   compi l ed .   Subs t i t u t ing   t he   va lues  of r, t ,  which  have 
been   found, in   th i s   equa t ion  w e  may determine u by the  customary  numerical solu- 
t i o n  of   the  equat ion,   employing  the  table  of t h e   f u n c t i o n   f ( u ) .   I n  several 
cases, t h i s   f u n c t i o n  may be   qu i te   accura te ly   approximated   by   the   l ine  
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[ = a u + b .  

Then the   equa t ion  may be   c l ea r ly   so lved  as follows: 

u = -  1 - b  
a + r  - 

It must be   no ted   tha t   th i s   approximat ion  is advantageous i f   t h e   e n t i r e   s e p a r a -  
t i on   r eg ion  may be encompassed  by  one l i nea r   func t ion .  I f  d i s c o n k i n u i t i e s   a r e  
produced i n   t h e   f u n c t i o n   f ( u )  as t h e   r e s u l t  o f  the  ' 'piecewise"  approximation - 
i .e. , d i s c o n t i n u i t i e s  of t h e   d e r i v a t i v e  - t h i s   l e a d s   t o   d i s c o n t i n u i t i e s  of 61, 
and  the  decays of t h e s e   d i s c o n t i n u i t i e s  must be computed a t  the  corresponding 
poin ts   on   the   enc los ing  wave f r o n t .  

Af te r  u1 i s  determined, w e  may f i n d   f '  and F from t h e  same t a b l e  and may 
determine 6 1 : 

We may then   f i nd  VI and RI  d i r e c t l y  f rom  the   t ab le  (R1 is necessary   to   de te r -  
mine R2 = R1) .  The subsequent  computation of t h e  wave po in t   p roceeds   i n   t he  
normal manner. 

I f  a normal  shock wave "overtakes"   the wave enc los ing   t he   s epa ra t ion ,   t he  
a rb i t r a ry   d i scon t inu i ty   wh ich  is  produced may be computed in   the   normal  manner. 
Usually when the  shock wave "cu t s   i n "   i n to   t he   s epa ra t ion   r eg ion ,  i t  leads  t o  
the  rapid  enclosure  of  i t .  Natural ly ,   expansion waves have   t he   oppos i f e   e f f ec t .  
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15. INTEGRAL CONTROL 1123 

In   Sec t ion  4 w e  have  a l ready  discussed  the  different   methods  for   control-  
l ing   the   accuracy   of   numer ica l   in tegra t ion .  We then   d i scussed   " loca l"   cont ro l  
anda   de t e rmina t ion   o f   t he   e r ro r   w i th in   t he  limits of one o r  several s t e p s .  We 
s h a l l  now discuss   de te rmining   the   accuracy   of   the   so lu t ion   for   the   en t i re   p rob-  
l e m  as a whole, when the  main  computations  have  already  been  performed.  Such 
c o n t r o l  may be   convenient ly   exer ted   by   ver i fy ing   tha t   the  l a w s  of  conservation 
have   been   fu l f i l l ed .   This  may best   be   achieved  by  employing  their   in tegral  
form (1.19). We s h a l l  make a separa te   de te rmina t ion   of   each  method t o   b e  em- 
p l o y e d   i n   v e r i f y i n g   t h a t   t h e  l a w s  of conservation  of mass, momentum, and  energy 
have   been   fu l f i l l ed .  

4- 

Figure 50 

The conservation  of m a s s  may be  checked by  means of  the  Lagrangian co- 
o r d i n a t e  R. We a l ready   d i scussed   in   Sec t ion  4 t h e   r a t i o n a l   s e l e c t i o n   o f   t h e  
i n t e g r a t i o n   d i r e c t i o n   o f  R. W e  s h a l l  now i n v e s t i g a t e   t h i s  problem  from  another 
viewpoint. 

L e t  us commence with  the  following  simple  example.  We s h a l l  assume t h a t  
we are inves t iga t ing   the   passage   o f  a shock wave through a gas a t  rest under 
the   in f luence   o f  a plunger  which moves i n  a d e f i n i t e  way. L e t  t h e   l i n e  AB 
(Figure  50)   express   the movement of   the  plunger  on t h e  r, t plane,  and t h e   l i n e  
AC - the shock wave f r o n t .  The q u a n t i t y  R r e t a i n s  a cons tan t   va lue  on  1124 
t h e  AB l i n e ;  w e  can set R = r on   the  AC l i n e .  L e t  us select any B-character- 
i s t ic  1 - 2 ,  and - a f t e r   t h i s   c h a r a c t e r i s t i c  is computed e n t i r e l y  - l e t  us  
i n t e g r a t e  R along i t  from  point 1 t o   p o i n t  2 employing t h e   q u a n t i t i e s  R' which 
have  a l ready  been  calculated a t  every  point  of t h i s   c h a r a c t e r i s t i c :  
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Re-- R1 = - SR'dt. (15.1) 
1 

We may f i n d   t h e  same d i f f e rence  by another   method.   In   actual i ty ,  we knew R2 
beforehand,  and R1 = rl. The difference  between  these two r e s u l t s   e n a b l e s   u s  
t o  make a spec i f i c   de t e rmina t ion  of the  over-al l   computat ional   accuracy  within 
a t r iangle   wi th   the   apexes  a t  po in t s  A, 1 and 2. We may introduce a c e r t a i n  
quant i ta t ive  determinat ion  of   this   accuracy.   Set t ing R1 = rl in   formula  
(15.1), w e  ob ta in  R2 from it ,  which we may des igna te  by RJr i n   c o n t r a s t   t o  

th.e  "exact"  value  of  the same quan t i ty  R2 = R The equat ion 
2 

A' 

(15.2) 

may serve as a measure  of  the  accuracy  with  which  the l a w  of conservation  of 
mass has   been   fu l f i l l ed .   S ince   the  mass is p ropor t iona l  to RV, we may employ 
a n o t h e r   q u a n t i t y   i n   a d d i t i o n   t o  6R: 

(15.3) 

Both of t h e s e   q u a n t i t i e s  6R and 6R may be  advantageously  expressed  in  percents.  \I 

It is  imposs ib l e   t o  draw  any s imple  connection  between 6R and 6R wi th   t he  V 

e r r o r s  of   our   computat ional   resul ts .  On the   o ther   hand ,   the   requi rement   tha t  
6RV does  not  exceed 1% represen t s  a de f in i t e   r equ i r emen t   fo r   t he   ove r -a l l  com- 
puta t iona l   accuracy .   In   exac t ly   the  same way, i f  w e  had the  computational 
r e s u l t s   f o r  two problems, and i f   t h e   c o n t r o l   o f   t h e   c o n s e r v a t i o n  of mass de- 
scr ibed  above  provides   aquant i ty  on the   o rde r  of  0.5% f o r  6Rv i n   t h e   f i r s t  case - 
and a quant i ty  on the   o rde r  of 5% in   t he   s econd   ca se  - then we may state wi th  
a g rea t   deg ree   o f   ce r t a in ty   t ha t   t he   f i r s t   computa t ion  is s i g n i f i c a n t l y  more 
accurate   than  the  second.  

From the   ve ry   beg inn ing ,   i f  w e  agree   to   in tegra te   the   Lagrangian   coord in-  
ate R a l o n g   t h e   6 - c h a r a c t e r i s t i c s   i n   t h i s   p r o b l e m ,  we avoid   the   necess i ty   o f  
making a separate  computation of t he   i n t eg ra l   (15 .1 ) ,  and R2* w i l l  automatic- 
a l ly   be   ob ta ined  a t  each  point  on the  boundary AB. It is then   poss ib l e   fo r  us 
t o  trace the   changes   in   the   de te rmina t ion   of  6R and 6R' during  the  computational 
process ,  and t o  employ the  appropriate  measures  (for  example,   to  decrease  the 
s t ep )   concur ren t ly ,   i n   t he  case of the i r   sys temat ic   increase .   I f   in te -   /125  
g r a t i o n  of R a long   the   B-charac te r i s t ics  is  disadvantageous  (for  example,   due  to 
the   r ap id   change   i n  R' i n   t h i s   d i r e c t i o n ) ,  we may s imilar ly   determine  the  ful-  
f i l lmen t  of t he  l a w  of conservation  of mass a long   t he   a - cha rac t e r i s t i c s   (3  - l 
i n  Figure  50).  We s h a l l  compare R1 = rl wi th  R1* ca l cu la t ed  by i n t e g r a t i o n  
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The q u a n t i t i e s  6R and 6R' may be computed i n   t h e   f o l l o w i n g  way: 

It may happen tha t   the   p roblem is t o   c a l c u l a t e   t h e   l i n e  of the  shock wave f r o n t  
AC up t o   p o i n t  1 and the  boundary AB up t o   p o i n t  2. When the  computation is 
completed,   the   fntegral   (15.1)  must a l so   be  computed. I f   t h e   n a t u r e  of t h e  
change i n  R' does   no t   enable   us   to   t race  i t  wi th   suf f ic ien t   accuracy   based  on 
the   fo rmula   i n   t he   t ab l e ,  it is then  advantageous  to  employ a more p r e c i s e  
quadrat ic   formula - f o r  example,  (4.1). 

F ina l ly ,  i t  is  p o s s i b l e   t h a t  i t  may be  advantageous t o  compute the  
Lagrangian  coordinate R a long   t he   a - cha rac t e r i s t i c s   i n   one   s ec t ion  of t h e  re- 
gion  under   considerat ion,  and   a long   t he   &charac t e r i s t i c s   i n   ano the r   s ec t ion .  
The c o n t r o l  of t h e  l a w  of conservat ion may then  be  exer ted on the  boundary  of 
t hese   s ec t ions   (F igu re  51, t he  boundary  of t h e   s e c t i o n s  is designated by t h e  
dashed  l ine) .  Two values   of   the   Lagrangian  coordinate  are obtained a t  po in t  3. 

The "accurate"  values  of R2 and R1 are  chosen - the constant   value  of  R2 on 
the  boundary and R1 = r1 on the  shock wave. We then   ob ta in  

The region  between  the two c o n t a c t ,   d i s c o n t i n u i t i e s  may b e   c o n t r o l l e d   i n  a 
similar way. I f ,   f o r  example, R is computed a long   t he   a - cha rac t e r i s t i c ,   t hen  
a va lue   co r re spond ing   t o   t he   r i gh t   d i scon t inu i ty  i s  a t t r i b u t e d   t o   t h e   L a g r a n g i a n  
coordinate  R at po in t  1 (Figure  52). We s h a l l   t h e n   h a v e  two va lues  a t  po in t  2 - 
the   "accura te"   va lue   cor responding   to   the   r igh t   d i scont inui ty ,  and the   va lue  
obtained as a r e s u l t  of i n t eg ra t ion   a long   t he  1 - 2 c h a r a c t e r i s t i c .  1126 
J u s t  as previous ly ,  we  may compute 6R and 6Rv and may employ  them to  determine 
the  accuracy  of   the  conservat ion  of  mass i n   t h e   g i v e n   r e g i o n .  

It is a l s o  recommended tha t   the   Lagrangian   coord ina te  R be   ca l cu la t ed   fo r  
the  shock waves by in t eg ra t ion   a long   t he   f ron t   l i ne .  Since  the  equat ion  of  
t h i s   l i n e  is d r  = D d t ,  we  obtain  the  fol lowing  f rom (1.17) 
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7 

Figure   51  

Figure 52 

(15.4) 

where, as always 6 = c. Formula  (15.4) may a l s o   b e   r e w r i t t e n   i n   t h e   f o l l o w i n g  
form PO 

d R  = R'dt. 
& (15.5) 

Employing these  formulas,  w e  may i n t e g r a t e  R d i rec t ly   over   the   shock  wave f r o n t .  
The va lues   thus   ob ta ined  may be compared wi th   the   va lues   in te rpola ted   accor -  
ding  to  the  lower  data.  When the  shock wave reaches   t he   con tac t   d i scon t inu i ty ,  
the  corresponding  comparison may also  be  performed,  and a de f in i t e   conc lus ion  
may be  reached  regarding  the  accuracy  with  which  the law of conserva t ion  of 
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mass is s a t i s f i e d .  

Leaving  the l a w  of conservation  of momentum, l e t  us   t u rn   t o   t he  l a w  of 
conservat ion of energy. The quan t i ty  E ,  which may be  determined by t h e   t h i r d  
formula (1.181, may not   be  computed a t  each   po in t ,   and   therefore   for  a c o n t r o l  
of the   conserva t ion  of energy we  must in tegra te   the   fo l lowing   express ion  

(15.6) 

separately,   choosing a closed  contour   encompassing  the  region  to   be  control led 
as the   i n t eg ra t ion   pa th .  It is  frequent ly   advantageous  to   express   the  energy 
d i f f e ren t i a l   i n   Lagrang ian   coord ina te s   [ s ee  (1.22)]: I 1 2 7  - 

d E  = po ( E  -t $) R'dR - u p r d f .  (15.7) 

L e t  us  express i t  by our  "working" var iab les   u ,   v ,  z .  

For  an i d e a l   g a s ,  w e  have  the  following on t h e   b a s i s  of (11.1) and  (5.2) 

S u b s t i t u t i n g   t h i s   e x p r e s s i o n   i n  (15.7) and allowing  for  (5.11) , w e  ob ta in  

(15.8) 

I n   p a r t i c u l a r ,   d r  = u   d t   a long   t he   t r a j ec to ry ,  i .e.,  dR = 0 

dE = - - uzh+lrvdt. aa 
7. 

(15.9) 

For  an  equation of s ta te  such as (5.15) ,   the   formula  for   internal   energy 
has   the  form  (11.14). In   s eve ra l   ca ses ,  however, i t  is  advantageous  to de- 
te rmine   tha t  E = 0 i n   t h e  case of p = 0 and p = po, by adding a constant  com- 
ponen t   t o   t h i s   fo rmula .   In   o rde r   t o  do t h i s ,  w e  must s e t  

P + P c:  c," e=---. (15.10) 
( x - I J p  %"i 

By means of formulas (5.19) and (5.21) we may  now w r i t e  

E =  
P +"- V= 4 

x ( x -  1) xz""1 'L - I ' (15.11) 

and t h e   e n e r g y   d i f f e r e n t i a l  assumes t h e  form 
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(15.12) 

In  particular, we have  the  following  along  the  trajectory 

d E =  -- IW: u @+I- 1) rvdt. (15.13) 
x 

We  should  point  out  that  we can transform  formula  (15.12) so that  it 
formally  coincides  with (15.8). In  order  to  do  this,  we  may  write  (15.11)  in 
the  following  form  (for  purposes  of  convenience  we  shall  discard  the  constant 
component) 

E 4 e=- 
% ( X  "i) x8 

+-. 

And we  now  readily  obtain - 1128 

However,  formula  (1.21)  shows  that  the  expression  in  the  parentheses  is r dr. 
Therefore,  the  third  component  may  be  written  as  follows 

V 

For  its  differential, we have 

(15.14) 

It  must  be  stipulated  that  formula  (15.14)  may  be  employed  advantageously  only 
if  we  are  dealing  with  one  substance.  Otherwise, E* will  have a different  mean- 
ing  in  different  regions  (in  view of the  difference P O ,  co and x) ,  an inte- 
gration  of  its  differential  along  the  contact  discontinuity  dividing  the  two 
different  substances  will  lead  to  different  results - depending  on  whether we 
select  the  right  or  left  valuesfor  the  integrands (E* ungoes a discontinuity  on 
such  contact  discontinuities).  This  entails  additional di€f iculties,  and 
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therefore  formula  (15.12)  must  primarily  be employed. 

The law  of  conservation  of  energy may b e   s u i t a b l y   c o n t r o l l e d  as follows. . 
L e t  u s   d e l i n e a t e   o n   t h e  r, t -plane  the  region  included  between two contac t  
d i s c o n t i n u i t i e s   ( a s  a ru le ,   be tween   the   boundar ies   separa t ing   d i f fe r -  
en t   subs tances) .  L e t  the  computat ion  of   this   region  begin  with t = t o  and 
conclude a t  t = t l  (see  Figure  53).  By i n t e g r a t i o n   o v e r   t h e   l i n e s  t = t o  and 
t = t l  ( in   bo th  cases - i n   t h e   d i r e c t i o n  of an R i n c r e a s e )  w e  may determine 
E O  and E1 of t he   t o t a l   ene rgy   i nc luded   w i th in   t he   l aye r  w e  have   se lec ted  a t  t h e  
moments t o  and t l .  By in t eg ra t ion   a long   t he   l aye r   boundar i e s   ( i n   t he   d i r ec -  
t i o n   o f   a n   i n c r e a s e   i n  t ) ,  w e  may t h e n   f i n d   t h e  work A1 and A2 of   t he   p re s su re  
f o r c e s  a t  these   boundar ies .   Accord ing   to   the  l a w  of  conservation  of  energy  the 
following  must  hold 

E ,  - - E o  - . A, - A , .  

The d i f f e rence   be tween   t he   r i gh t  and l e f t   p a r t s  of t h i s   e q u a l i t y ,  ob- 1129 
ta ined  as a r e s u l t  of t h e   i n t e g r a t i o n ,  may serve as a measure  of  the  accuracy 
with  which  the l a w  of  convervation  of  energy i s  s a t i s f i e d .  

Figure  53 

However, t h i s   q u a n t i t y  still does  not   present   an  idea  of   the  accuracy  of  
the   p roblem's   so lu t ion .  It would b e   d e s i r a b l e   t o   h a v e  a c e r t a i n  relative de- 
termination  which  would make i t  p o s s i b l e   t o   e x p r e s s   t h e   d i s t r i b u t i o n   o f   t h e  
ba lance   o f   energy   in   percents .   In   addi t ion ,  it would be   advantageous   to   requi re  
an  "addi t ive  property"   f rom  this   determinat ion,   which  would  be as follows. L e t  
us d i v i d e   t h e   r e g i o n   t o   b e   c o n t r o l l e d   b y  a c e r t a i n   l i n e   i n t o  two p a r t s ,  and l e t  
us  perform  the  computation i n  each   par t   separa te ly .  It is necessa ry   t ha t   t he  
d e t e r m i n a t i o n   p e r t a i n i n g   t o   t h e   e n t i r e   r e g i o n  as a whole  be  included  between  the 
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determina t ions   per ta in ing   to   each   par t   separa te ly .  

We can make such a determinat ion as f o l l o w s .   F i r s t  of a l l ,  l e t  us   s t ipu-  
late tha t   du r ing   t he   i n t eg ra t ion  w e  always go around  any  contour i n  the  counter-  
c lockwise   d i rec t ion .  We s h a l l   i n t e g r a t e   t h e   d i f f e r e n t i a l  (15.7)   over   this  
contour,   beginning  with a cer ta in   po in t   where  w e  s h a l l  set E = 0. The  quan- 
t i t y  E w i l l  i nc rease  on c e r t a i n   s e c t i o n s  and w i l l  decrease on o the r   s ec t ions ,  
when moving i n   t h e   d i r e c t i o n  we have  selected.  L e t  u s   c a l c u l a t e   t h e   i n t e g r a l  
I separa te ly   over  a l l  the   s ec t ions  of an inc rease ,  and le t  us   ca l cu la t e  I 

over a l l  t h e   s e c t i o n s  of a decrease.   Their sum w i l l  be   c lose   t o   ze ro .  L e t  us 
now set 

+ - 

(15.15) 

A s  may be   r ead i ly   s een ,   t h i s   quan t i ty   has  a l l  of t h e   r e q u i s i t e   f e a t u r e s .  We 
s h a l l  select it as the  determinat ion of the  accuracy  with  which  the l a w  of 
conservat ion i s  s a t i s f i e d .  

L e t  us now t u r n   t o   F i g u r e  53. Let  us assume tha t   bo th   i n t eg ra l s  EO and E1 
are p o s i t i v e  (as w i l l  be case i n   t h e  overwhelming  majority  of cases), and t h a t  
t h e   i n t e g r a l s  A1 and A2 are negat ive  (which w i l l  h o l d   i f  u > 0, p > 0 along 
both  boundaries) .  We may per form  the   ca lcu la t ion  as fol lows 

I f  AI and A2 are pos i t i ve ,   t hen  - 1130 

In   every   o ther   case ,  w e  must t u r n   d i r e c t l y   t o   t h e   r u l e   f o r m u l a t e d  above  (15.15). 

I f   t he   mo t ion  is  i n i t i a t e d  from a state of rest, so  t h a t  u = 0, p = cons t ,  
p = const w i l l  h o l d   i n   t h e   c a s e  of t = t o ,  the  computation of EO i s  then   s ig-  
n i f i c a n t l y   s i m p l i f i e d .  For  example, fo r   an   i dea l   gas  we have 

I f  p = 0 then EO = 0. J u s t  as f o r  a substance of the  type  (5 .15) ,  Eo = 0 i s  
ob ta ined   i n   t he   ca se  of  p = 0 ,  p = p o  [ t h i s  w a s  the   reason   for   in t roducing  a 
constant  component i n  formula  (15.10) 3 .  The upper   in tegra t ion   pa th  (as w e l l  as 
the  lower)  need  not  be  chosen  in  the form of a h o r i z o n t a l   l i n e ;  it may be any 
l i ne   de f in ing   t he   r eg ion   t o   be   ca l cu la t ed   above .  The r eg ion   t o   be   con t ro l l ed  
may conta in  as many shock waves  and con tac t   d i scon t inu i t i e s  as des i red .  It is 
expedient   no t   to   cont ro l   the   p roblem as a whole,  but i n   s e p a r a t e   l a y e r s ,   e s p e -  
c i a l l y   i f   t h e s e   l a y e r s   d i f f e r   g r e a t l y   i n  terms of t h e i r   p h y s i c a l   p r o p e r t i e s .  
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We must now inves t iga t e   t he   p rob lem  o f   ve r i fy ing   t he  l a w  of  conservation 
of momentum. I n   t h e  case of f l a t ,  one-dimensional  motion (u = 0 ) ,  t h e   c o n t r o l  
of t h e   s o l u t i o n   b y   t h i s  l a w  does   no t   d i f f e r ,   i n   e s sence ,   f rom  the   con t ro l   ove r  
conservation  of  energy,  and w e  s h a l l   n o t   d i s c u s s  it. With r e s p e c t   t o  cases of 
c y l i n d r i c a l   a n d   s p h e r i c a l  symmetry, very s e r i o u s   d i f f i c u l t y  is en ta i l ed .   Th i s  
d i f f i c u l t y  i s  r e l a t e d   t o   t h e   f a c t   t h a t   t h e   i n t e g r a l  l a w  of conservation  (1.10) 
conta ins  an area i n t e g r a l .  The c a l c u l a t i o n   o f   t h e s e   i n t e g r a l s   e n t a i l s   v e r y  
time-consuming  work; i t  is v a l i d   o n l y   i n   p a r t i c u l a r l y   i m p o r t a n t  cases. The 
v e r i f i c a t i o n  of the  conservat ion  of  momentum  may not   therefore   be   regarded  as 
a "working"  method for   control l ing  the  accuracy  with  which  the  problem is 
solved.  In  view of t h i s ,  w e  s h a l l   n o t   i n v e s t i g a t e   t h i s   p r o b l e m .  

Both  methods  of i n t eg ra l   con t ro l   p re sen ted   above  may serve f o r   v e r i f i c a -  
t i o n  of   the   over -a l l   accuracy   of   numer ica l   in tegra t ion ,   and   for   the   de te rmina-  
t i o n  of computat ional   errors .  It must b e   o n l y   k e p t   i n  mind tha t   they   cannot  
reveal a l l  of the   e r rors .   For   example ,   they   cannot   revea l   such   e r rors  as e r r o r s  
in   equa t ions   o f   s ta te ,   boundary   condi t ions ,  e t  c e t e r a  - i n   s h o r t ,   e r r o r s   d e s i g -  
na t ing   the   subs t i tu t ion   o f   one   p roblem by another.  The v a l i d i t y  and  accuracy 
of   the   so lu t ion   for   the   p roblem may be   adequa te ly   ve r i f i ed   on ly   i f  a l l  of t h e  
control  methods  which  have  been  examined are combined dur ing   the   p rocess :  
both  local  methods and i n t e g r a l  methods. 

I f   an   abnormal ly   l a rge   d i s turbance   o f   the   ba lance  i s  found when t h e  /131 
conservation  of  energy i s  checked i n  any region,  and t h e   l o c a l   c o n t r o l  methods 
( r e c a l c u l a t i o n s ,  e t  ce te ra)   p rovide  no b a s i s   f o r   e x p l a i n i n g   t h i s   f a c t  by a 
g r e a t  amount of e r r o r   i n   t h e   n u m e r i c a l   i n t e g r a t i o n ,  i t  must  then  be assumed 
t h a t   t h e r e  is a computa t iona l   e r ro r .   I n   o rde r   t o   d i scove r  i t ,  the   r eg ion   t o   be  
s tud ied  may be   d iv ided   i n to  two p o r t i o n s ,  and each   por t ion  may be   con t ro l l ed  
ind iv idua l ly .  The po r t ion   wh ich   con ta ins   t he   e r ro r   mus t   be   subd iv ided   fu r the r ,  
e t  c e t e r a .   I n   t h i s   w a y , i t  is a lmost   a lways   poss ib le   to   loca l ize   the   e r ror  
comparatively'rapidly,   and  to  completely  expose i t .  
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APPENDIX 1. PROGRAMMING PRINCIPLES 

1. GENERAL REMARKS 1132 

The tendency to employ  electronic  computers  for  purposes  of  maximum  mech- 
anization  and  automation  in  solving  the  problems we are  investigating  is  fully 
understandable,  and  necessitates  no  special  justification.  However,  the 
programming  of  the  characteristics  method  presented  here  entails  several  dif- 
ficulties  related  primarily  to  the  comparatively  great  logical  complexity  of 
this  method.  We do not know of  even  one  programming  variation  in  which  all  of 
these  difficulties  may  be  overcome.  Nevertheless,  we  feel  it  is  advantageous 
to  present  a  brief  description  of  one of the  variations. It is  understood  that 
the  programs  to  be  described  are  far  from  perfect.  However,  on  the  one  hand,they 
may  be  recommended  for  use  in  practice,  and  on  the  other  hand  they  may  serve 
as  a  basis  for  the  development of new,  more  refined  variations.  For  fully  un- 
derstandable  reasons, we shall  not  discuss  all of the  logical  and  computational 
details,  but  shall  confine  ourselves  to  only  a  very  general  description. 

The  principles  for  compiling  a  program  depend  on  the  structure  of  that 
class  of  problems  for  whose  solution  they  are  intended. If, for  example,  we 
are  dealing  with  problems of a  strictly  determined  structure  (for  example, 
that  shown  in  Figure 4 9 ) ,  then  the  programming  encounters  very  few  fundamental 
difficulties.  However, we are  interested  in  programs  which  could  be  regarded 
as  having  universal  application.  Thus,  different  problems  may  contain  a 
different  number  of  discontinuities -- contact  discontinuities  and  shock 
discontinuities;  the  substances  may  have  different  types  of  equations  of  state; 
the  boundary  conditions  may  change  from  problem  to  problem,  etc.  The  programs 
must  thus  be  compiled  in  such  a  way  that  they  may  be  applied to different 
problems  without  entailing  any  changes. 

When  speaking  of  the  universal  application  of  a  program, we are  employing 
the  term  universal  application  in  a  relative  sense -- the  varietyof  imaginary 
types  of  problems  is  infinite,  and  the  attempt  to  produce  an  absolutely  univer- 
sal  program  is  doomed  to  failure. We  must  now  introduce  any  limitations  on 
the  structure  of  the  problem.  With  respect  to  the  programs  which  will  be  de- 
scribed  here,  the  possible  class  of  problems  will be characterized  in  detail 
below.  We  would  like  only  to  point  out  that  the  solution  of  this  class /133 
of  problems  must  be  regarded  as  one  of  the  most  real  problems.  Every  new 
program  must  first be evaluated  from  this  point of view. 

It is  also  clear  that  even  under  the  limitations  discussed  above,  the 
"universal"  program  must  inevitably  be  of  such  a  great  volume  that  it  cannot  be 
placed  in  the  operative  memory  of  the  types  of  machines  presently  in  use. 
Therefore,  we  can  only  speak of producing  a  collection  or  set  of  programs 
which - when  operating  in  a  specific  order - could  replace  each  other  in  the 
operative  memory.  Before  the  initial  computation,  all  of  these  programs  must 
be  written  in  the  outer  memory  (for  example,  on  a  magnetic  drum),  and  may 
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t h e n   b e   t r a n s f e r r e d   t o   t h e   o p e r a t i v e  memory when needed. On the   one   hand ,   th i s  
imposes c e r t a i n  demands on the  construct ion  of   the  computer   and,  on t h e   o t h e r  
h a n d ,   c r e a t e s   s p e c i f i c   c o n d i t i o n s   f o r   g r e a t e r   f l e x i b i l i t y   d u r i n g   t h e   o p e r a t i o n  
of   the program.  Although the  complete set  of  programs may be  extremely  exten- 
sive, f o r  a spec i f ic ,   g iven   problem i t  is on ly   necessa ry   t o  select those  pro- 
grams  which are n e c e s s a r y   i n   t h e   g i v e n  case. 

Befo re   t he   beg inn ing   o f   t he   computa t ion ,   t he   t o t a l   s t ruc tu re   o f   t he   g iven  
problem  must  be  coded i n  some manner,   and  be  introduced  into  the  machine  to- 
g e t h e r   w i t h   t h e   i n i t i a l   d a t a .  The sequence  of cal ls  and the   opera t iona l   reg ime 
of the   separa te   p rograms  must   be   de te rmined   by   th i s   in format ion   regard ing   the  
s t r u c t u r e  of the   p roblem.   Thus ,   in   addi t ion   to   pure ly   computa t iona l   func t ions ,  
t h e  programs  must a l s o   f i r s t   f u l f i l l   s p e c i f i c   l o g i c a l   f u n c t i o n s .  Each program 
must "know" a t   t h e  moment i t  is c a l l e d   t h e   o r d e r   i n  which it  must  operate,  and 
which  program i t  must c a l l   a f t e r  i t  has  f inished.  Since  each  program  must  be 
des igned   to   opera te   under   very   d i f fe ren t   condi t ions ,   the   t ask  of i n t e r p r e t -  
i ng   t he  coded information  regarding the s t r u c t u r e  o f  the  problem  and  of de- 
termining  the  operat ional   order   of   the   program w i l l  p resent  a very   se r ious  
problem. 

This  problem w a s  solved by introducing  special   logical   programs.   Thus,  
the  programs are divided  into  computat ional  & l o g i c a l  programs. The compu- 
t a t i o n a l  programs f u l f i l l  a l l  of   the   bas ic   computa t iona l  work; t h e i r   l o g i c a l  
func t ions  are minimal.   These  programs  include  programs  for  calculating a p a r t  
o f   t he   cha rac t e r i s t i c s ,   t he   po in t   o f   t he   con tac t   d i scon t inu i ty ,   t he   po in t   o f  
the  shock wave, e t c .  When they are c a l l e d   i n t o   t h e   o p e r a t i v e  memory, they 
always  perform  one  and  the same computa t ion   accord ing   to   the   es tab l i shed  
scheme, independent ly   of   the   over-al l   s t ructure   of   the   problem. They select 
t h e   i n i t i a l   d a t a  from t h e   l o c a t i o n s   i n d i c a t e d   t o  them; t h e   r e s u l t s   a r e   l o c a t e d  
a l s o   i n   t h e   i n d i c a t e d   l o c a t i o n s .  When the   ope ra t ion  i s  completed,  they c a l l  
the   p rograms  ind ica ted   to  them previously.  

The l o g i c a l  programs  do  not  perform  any  "useful"  computations. I 1 3 4  
Their   funct ion i s  reduced to   con t ro l l i ng   t he   computa t iona l   p rog ram and t o   i n -  
su r ing   t he i r   no rma l   ope ra t ion .  They de termine   the   sequence   of   ca l l s   for   the  
computational  programs, when necessa ry   t hey   i nc lude   i n   t he   cyc le  - o r  on t h e  
other   hand,   exclude  f rom  the  operat ion - the   ind iv idua l   computa t iona l   p rograms,  
t h e y   p r e p a r e   t h e   i n i t i a l   d a t a ,   t h e y   d i s t r i b u t e   t h e   r e s u l t s ,  etc. The opera- 
t i ona l   o rde r   o f   t he   l og ica l   p rog rams   depends   en t i r e ly   on   t he   s t ruc tu re   o f   t he  
problem. 

2. GENERAL SEQUENCE OF THE COMPUTATION 

The programs  which we s h a l l   d i s c u s s  were des igned   fo r   t he  "Strela-1" 
machine;  therefore,  w e  should  give a b r i e f   desc r ip t ion   o f   t h i s   mach ine   be fo re  
the   fo l lowing   d i scuss ion .  
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The opera t ive  memory of the  machine  which is comprised  of  cathode-ray 
tubes  contains  2047 elements,  each  of  which  contains  one  43-digit  binary 
code. I n   a d d i t i o n ,   t h e r e  i s  a magnetic drum (about 5000 elements)  and  an 
almost   unl imited  outer  memory on magnetic  tapes.  

The numbers i n   t h e  memory of the  machine are p r e s e n t e d   i n  a b inary  number 
system as a f loa t ing   po in t   dec ima l .   Th i r ty - f ive   b ina ry   d ig i t s   a r e   a s s igned  
to   the   mant i ssa ,   which   cor responds   to   approximate ly   t en   dec imal   d ig i t s .  The 
n u m e r i c a l   c h a r a c t e r i s t i c   o c c u p i e s   s i x   b i n a r y   d i g i t s .  The machine  can  operate 
with numbers l y i n g   i n  between  (approximately)  from  to  1019  (with  respect 
to   the   modulus) .  

There i s  a three-address  system of commands; each  address  occupies  12  bi- 
n a r y   d i g i t s .  Under the  code  of   operat ion,  6 d i g i t s   a r e  removed.  The remaining 
d i g i t  which i s  not   used   p lays   an   auxi l ia ry   ro le .  

The input  and  output  devices employ s tandard 80-column punched c a r d s   f o r  
computers. The coding of the   card   punching   for   the   input  and output   coincide,  
so t h a t   t h e   c a r d s  coming out  of  the  machine may be  again  introduced - when 
necessary - wi thou t   i n t e r rup t ion .  The cards  are p r i n t e d  on a separa te   device .  

The sequence i n  which t h e  problem i s  solved  can  be  sui tably  analyzed by a 
s p e c i f i c  exam2le. L e t  us assume tha t   the   p roblem  cons is t s   o f  computing t h e  
motion  of two layers   o f   subs tance   separa ted  by a contac t   d i scont inui ty   (F igure  
5 4 ) .  Let   us   assme  tha t   cer ta in   boundary   condi t ions  are g i v e n   t o   t h e   r i g h t  and 
t o   t h e   l e f t .  The l n i t l a l   d a t a   a r e   g i v e n  a t  t = t o .  L e t  us assume t h a t   a t   t h i s  
moment t h e   l e f t  boundary  (which was p rev ious ly   s t a t iona ry )  , suddenly  begins 
t o  move a t  a c e r t a i n   v e l o c i t y  (which may change  subsequently). A diverging 
shock wave i s  produced a t   t h e  moment t o  a t  t h e   l e f t  boundary. When i t  reaches 
the   contac t   d i scont inui ty ,   d l scont inui ty   decay   occurs .  Then t h e  wave passes 
to   the   r igh t   boundary ,   f rom which i t  i s  ref lected  depending on t h e  form of t h e  
shock wave o r  OG t h e  form  of the  expansion wave, as a func t ion  of t h e   r i g h t  
boundary  condition. L e t  us assume t h a t  from p o i n t s  A and B expansion /135 
waves p a s s   t o   t h e   l e f t .  L e t  us assume tha t   t he   pu rpose  of t h e   c a l c u l a t i o n  is 
t o   d e t e r m i n e   t h e   n o t i o n   a t   t h e  moment t = t l .  

L e t  u s   i n v e s t i g a t e   t h e   8 - c h a r a c t e r i s t i c  1 - 1'. It begins on t h e   l i n e  of 
t h e   i n i t i a l   d a t a   ( t  = t o ) ,   i n t e r s e c t s   t h e   c o n t a c t   d i s c o n t i n u i t y  and the  shock 
wave,  and terminates  OE t he   l e f t   boundary   (po in t  1'). L e t  u s   p l ace   t he   po in t  2 
which is q u i t e   c l o s e   t o   p o i n t  1 on t h e   l i n e   f o r   t h e   i n i t i a l   d a t a .  Based  on t h e  
1 - 1' c h a r a c t e r i s t i c  and poin t  2 ,  we  may compute t h e  segment  of the  subsequent  
6 - c h a r a c t e r i s t i c  (shown by the   dashed   l ine)  up u n t i l  i t  reaches  the  contact  
d i scont inui ty .  A s  may be   readi ly   seen ,  w e  ma7 a l so   ca l cu la t e   t he   po in t   o f   t he  
c o n t a c t   d i s c o n t i n u i t y   l i n e  on the   dashed   cha rac t e r i s t i c ,  and may cont inue   the  
c a l c u l a t i o n  up t o   t h e   s h o c k  wave f ron t .   Ca lcu la t ing   t he   shock  wave p o i n t ,  w e  
extend a new c h a r a c t e r i s t i c  up t o   t h e   l e f t  boundary  (point 2 ' ) .  Re turn ing   to  
t h e l i n e t  = t o ,  w e  may  now take   the   subsequent   po in t ,  and may compute t h e  
f o l l o w i n g   c h a r a c t e r i s t i c   i n   t h e  same order ,  etc.  
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Figure 5 4  

A t  t h e  moment when the   subsequent   charac te r i s t ic   reaches   the   po in t  A ( i . e . ,  
when the  shock wave reaches   the   contac t   d i scont inui ty) ,   the   p rocess   mus t   be  
t e r m i n a t e d   i n   o r d e r   t o  compute the   d i scont inui ty   decay .  It i s  then   necessa ry   t o  
c a l c u l a t e   t h e   r e g i o n  encompassed by the  expansion wave, a f t e r  which  the compu- 
t a t i o n  may b e  con t inued   i n   t he  same sequence.  Beginning a t  a c e r t a i n  moment, t h e  
@ - c h a r a c t e r i s t i c s  w i l l  t a k e   t h e i r   o r i g i n  from the   r igh t   boundary ,  whose next  
po in t  must b e  computed be fo re   t he   cyc le  i s  i n i t i a t e d .  When the  shock wave ap- 
proaches  the  r ight   boundary  (point  E ) ,  the   d i scont inui ty   decay  and the  expansion 
wave must  be  computed again.   After   this ,   the   problem may be  solved up t o   t h e  
end , without any " i n t e r f e r e n c e  . I t  

I f   t h e  problem  contains   converging  shock  waves,   d i f f icul t ies   are   then en- 
coun te red   due   t o   t he   f ac t   t ha t   such  waves ' ' t r unca te"   t he   &charac t e r i s t i c .  
The computat ion  must   then  be  done  for   the  a-character is t ics .  1136 

This i s  t h e  manner i n  which  the  described  programs  operate. The calcula-  
t i o n  is performed  only  along  the a- or   a long   the   8 -charac te rs t ic ;   the   au tomat ic  
change  from  one  regime t o   a n o t h e r  is not   specif ied.   Therefore ,   the   problem 
under   considerat ion may contain  only  converging,   or   only  diverging  shock waves. 
This   represents   one  of   the  very  important   condi t ions  which l i m i t  t h e   u n i v e r s a l  
a p p l i c a t i o n  of our  programs. 

The second  l imi ta t ion   cons is t s   o f   the   fac t   tha t   the   computa t ion   of   d i s -  
continuity  decays i s  n o t   s p e c i f i e d  by the  programs;   in   every case t h a t   d i f f e r -  
ent   d iscont inui t ies   are   "encountered,"   the  computat ion  must   end.  In  essence,  
the  programs  descr ibed  are   not   designed  for   calculat ing  the  problem as a whole, 
bu t   on ly   for   ca lcu la t ing   ind iv idua l   reg ions   which   sa t i s fy   the   above-ment ioned  
condi t ions.  The complex  problem  must  be  divided  into  sections  which do not  
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contain  discont inui ty   decays  or   shock waves of d i f f e r e n t   d i r e c t i o n s .  The dis-  
continuity  decays are computed manual ly .   In   order   to   s implify  the  programs,  
they do no t   i nc lude  a change in   t he   s t ep   du r ing   t he   computa t iona l   p rocess ,  s o  
t h a t   t h e   g r i d   o f   c h a r a c t e r i s t i c s  i s  f i x e d  - i t  is determined by t h e   i n i t i a l  
da ta .  It is  t r u e   t h a t   t h e  programs  cont ro l   the   reca lcu la t ion   quant i t ies   and   the  
d i f fe rence   in   the   magni tude   o f   the   Lagrangian   coord ina te  X computed along  dif-  
f e r e n t   c h a r a c t e r i s t i c s .   I f   t h e s e   q u a n t i t i e s   e x c e e d   t h e   g i v e n   c o n s t a n t s ,   t h e  
programs  produce a s top   wi th   the   cor responding   s igna l ing .   In   addi t ion ,   the  
spec ia l   fea tures   o f   the   computa t ion   a re   no t   t aken   in to   account   in   any  way by 
means o f   f i r s t - o r d e r   d i s c o n t i n u i t i e s .  

For  purposes  of  determinancy, w e  s h a l l   o n l y   i n v e s t i g a t e  a computation 
a long   t he   6 -cha rac t e r i s t i c s .  A s  was already  pointed  out,   the  primary  working 
cyc le   cons i s t   o f   comput ing   t he   nex t   &charac t e r i s t i c .   These   cha rac t e r i s t i c s  
a p p e a r   i n   t h e  memory of  the  machine i n   t h e  form  of a sequence of po in ts ,   each  of 
which   cons is t s   o f   s ix   quant i t ies :  t ,  r ,  R,  u,  z, v,  and  each  of  which  occupies 
s i x  elemects of   the memory. The p o i n t s   a r e   a r r a n g e d   i n   t h e   o r d e r  of decreasing 
t a n d  comprise  the  so-called  main  sequence. We s h a l l  ca l l  the   address   o f   the  
memory element  containing t of t h i s   po in t   t he   po in t   add res s .   Thus ,   t he   add res s  
of two adjo in ing   po in ts  i s  d is t inguished  by s i x   u n i t s .  The d i s c o n t i n u i t y   p o i n t s  
occur   i n  two elements   corresponding  to  two s i d e s   o f   t h e   d i s c o n t i n u i t y .  It i s  
understood  that  t ,  r ,  R (and u f o r   t h e   c o n t a c t   d i s c o n t i n u i t y )   c o i n c i d e   i n   b o t h  
elements.   During  the  process by which  the new @ - c h a r a c t e r i s t i c  i s  computed, 
i t s  p o i n t s  are r eco rded   a t   t he   l oca t ion   o f   t he   po in t s   fo r   t he   o ld   cha rac t e r i s -  
t i c ,  so tha t   whi le   the   main   cyc le  i s  being  performed  the main  sequence  contains 
the   upper   segment   o f   the   o ld   charac te r i s t ic   ( for   the   younger   addresses)  and t h e  
lower  segment  of  the new c h a r a c t e r i s t i c   ( f o r   t h e   o l d e r   a d d r e s s e s ) .  

I n   a d d i t i o n ,   t h e   i n i t i a l   d a t a   ( c r o s s   s e c t i o n  t = t o  i n   F i g u r e  5 4 )  are 
s t o r e d   i n   t h e  memory of the  machine,   a lso  in   the  form  of  a sequence  of  points. 
It  i s  a l s o   n e c e s s a r y   t o   s t i p u l a t e   t h e   l o c a t i o n   f o r   t h e   p r o g r a m s ,  which a r e  
subsequently  read  out  from  the magnet drum, wi th   the   next   one   t ak ing   the   p lace  
of the  preceding  one.  1137 

The log ica l   in format ion  on t h e   s t r u c t u r e   o f   t h e   p r o b l e m ,   a l s o   r e f l e c t i n g  ’ 

t h e  s ta te  of the  computation a t  a given moment, is s t o r e d   i n   t h e   s o - c a l l e d  con- 
t ro l l ing   e1ements : the i r   conten ts  w i l l  be   discussed a t  a la te r  p o i n t .  The 
d i f fe ren t   numer ica l   cons tan ts   o f   the   p roblem  (ad iaba t ic   ind ices   for  a l l  sub- 
s t a n c e s ,   t h e   q u a n t i t i e s  0, C o ,  e tC. )   a re   loca ted   here .   F ina l ly ,   there   a re  
two g r o u p s   ( f i r s t  and  second) of s tandard   e lements ,   wi th   s ix   e lements   in   each  
group. They are des igned   for   t ransmi t t ing   the   numer ica l  material from  program 
t o  program. 

3 .  COMPUTATIONAL PROGRAMS ~~ 

L e t  us now describe  the  operation  of  the  computational  programs. We 
shou ld   f i r s t   po in t   ou t   t he   fo l lowing .  A s  has   a l ready  been  indicated,   the   main 
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working  cycle   consis ts  of computing t h e   s u c c e s s i v e   & c h a r a c t e r i s t i c .  Its p o i n t s  
are subsequently computed i n   t h e   o r d e r  of increas ing  t and  occupy t h e   l o c a t i o n  
o f   t he   po in t s   fo r   t he   o ld   $ -cha rac t e r i s t i c  i n  t h e  main  sequence.  There are two 
addres ses   i n   t he   i n fo rma t ion   s to red   i n   t he   con t ro l l i ng   e l emen t s  - t h e   s e l e c t i o n  
address and the   record ing   address .  The se lec t ion   address   co inc ides   wi th   the  
addres s   o f   t he   nex t   po in t   fo r   t he   o ld   $ -cha rac t e r i s t i c  - the  point  which  must 
b e   s e l e c t e d   i n   o r d e r   t o  compute t h e  next po in t   o f   t he  new c h a r a c t e r i s t i c .  The 
record ing   address   ind ica tes   where   the   l as t   ca lcu la ted   po in t  must  be  delivered. 
Natural ly ,   both of these  addresses  change  during  the  computational  process  (as 
a ru le ,   they   decrease  by s ix  u n i t s   a f t e r   e a c h   p o i n t  is computed).  Their i n i t i a l  
s t a t e   ( b e f o r e   t h e   n e x t   c y c l e )  i s  e s t a b l i s h e d  by l o g i c a l  programs. It is  under- 
s tood   t ha t  a t  each moment the   readings   o f   these   addresses  must be  matched, so 
t h a t  a new point   which  has   just   been computed does   no t   occupy  the   pos i t ion  of 
t h e   r e q u i s i t e   p o i n t   f o r   t h e   o l d   c h a r a c t e r i s t i c .  A s  may be   r ead i ly  shown, i n  
o rde r   t o  do t h i s  i t  i s  necessary   tha t   the   record ing   address   be  no less than   t he  
se l ec t ion   addres s .  

Let  us now inves t iga te   separa te   computa t iona l   p rograms.  

Program for corr!putinga  segment  of  the  characterist ic  (or,   as w e  s h a l l  
designate  i t ,  t h e  a6 program). The operat ional   cycle   of   this   program  includes 
the  computation of p o i n t  3 accord ing   t o   po in t s  1 and 2 (Figure 55) .  Before   the  
program i s  c a l l e d ,   p o i n t  2 must  be  recorded in   the  second  group  of   s tandard 
e lements   ( th i s  i s  performed by the   p receding   program) .   In   addi t ion ,   jus t  as 
always,   the   select ion  and  recording  addresses   must   be  indicated.  

The operat ional   cycle   of   the   program  consis ts   of   the   fol lowing  operat ions.  

1. The poin t  of t h e  main  sequence, whose address   co inc ides   wi th   the   se lec-  
t i on   addres s ,  is t r a n s f e r r e d   t o   t h e   f i r s t   g r o u p  of the  s tandard  e lements .  The 
se l ec t ion   addres s  i s  decreased by s i x   u n i t s .  

2. A new poin t  3 i s  computed,  according to   the   computa t iona l  form- /138 
u l a s   i n   S e c t i o n  5, based on t h e   p o i n t s   i n c l u d e d   i n   t h e   f i r s t  and second  groups 
of   the  s tandard  e lements .  The r e s u l t s   a r e   s t o r e d   i n   t h e  working  elements  of 
t h e  program. 

3 .  A poin t  from the  second  group  of  standard elements is t r a n s f e r r e d   t o  
t h e  main sequence a t  t h e   l o c a t i o n   i n d i c a t e d  by the   record ing   address ,  The re- 
cording  address  is decreased by s i x   u n i t s .  

4 .  Point  3 which w a s  j u s t  computed i s  t ransferred  f rom  the  working ele- 
ments  to  the  second  group  of  standard  elements.  

5. A test  of  the  segment  end of t h e   c h a r a c t e r i s t i c  i s  conducted  (see  be- 
low).  Depending  on t h e   r e s u l t s  of t h i s  t es t ,  t h e  program e i the r   r epea t s   ope ra -  
t i o n  1 - 5 o r   ends   t he   ope ra t ion  and cal ls  the  subsequent  program. 

Thus, a s  may be   readi ly   seen ,   the   segment   o f   the  new c h a r a c t e r i s t i c  w i l l  
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b e  computed u n t i l   t h e  test of   the  end  (point  5) causes   the   computa t ion   to  ter- 
minate. 

The test of  the  segment  end of t h e   C h a r a c t e r i s t i c  may be  formulated i n  a 
d i f f e r e n t  way. The program  must   discont inue  the  operat ion  af ter   the   discon-  
t i n u i t y   p o i n t   o r   t h e  last p o i n t   o f   t h e   o l d   c h a r a c t e r i s t i c  is t r a n s f e r r e d   t o   t h e  
f i r s t  group  of  standard  elements. The s implest   procedure i s  to   supply   such  
points   with.  a c e r t a i n   s i g n ,  on t h e   b a s i s  of which  the  program  can  dist inguish 
them. For  example, it is  poss ib l e   t o   p roceed  as f o l l o w s .   I n   t h e   c y l i n d r i c a l  
and spherical   problems,  r is  a lways   pos i t ive ;   in   the   p lane   p roblem,  i t  is  
a lways   poss ib le   to  select t h e   o r i g i n  so t h a t  r > 0 a lso   ho lds .  L e t  u s   a s s i g n  
a minus s i g n   t o   t h e   " s p e c i a l "   p o i n t s  ( i .e.  , t he   d i scon t inu i ty   po in t s   and   t he  
las t  p o i n t   o f   t h e   c h a r a c t e r i s t i c )   f o r  r, when t h e s e   p o i n t s  are i n  sequence. 
Immediately a f te r   the   next   po in t   o f   the   main   sequence  i s  t r a n s f e r r e d   t o   t h e  
f i r s t  group  of  standard  elements,   the a6 program tests the   s ign   o f  IS, which 
w i l l  c o n s t i t u t e  a test of   the  segment   end  of   the  character is t ic .   Before  the 
computat ion  of   the  next   point  of t h e  new segment  of t h e   c h a r a c t e r i s t i c ,   t h e  
minus   s ign   for  r i n   t h e   f i r s t  group of standard  elements must be  canceled.   In  
addi t ion ,  i t  is  necessary   tha t   each  t i m e ,  when any  program s t o r e s  a "special"  
p o i n t   i n   t h e  main  sequencs r of t h i s   p o i n t  assumes a minus  sign. 

Figure 55 

We should   po in t   ou t   tha t  when the   ope ra t ion   o f   t he  aB program  has termi- 
na ted ,   the  l as t  computed point  remains  in  the  second  group  of  standard cells 
and i s  no t   s to red   i n   s equence .  The last poin t  employed  of t h e   o l d  I 1 3 9  
c h a r a c t e r i s t i c  is inc luded   in   the   f i r s t   g roup   of   s tandard   e lements .  

Program for computing the c o n t a c t   d i s c o n t i n u i t y   p o i n t   ( o r ,  more p r e c i s e l y ,  
CD progcam). A s  a r u l e ,   t h i s  program  operates   af ter   the   program a6 and a l s o  
calls  the  program a@ a f t e r  it is f inished  (general ly   speaking,   another   program - 
i .e. ,  p e r t a i n i n g  to another  region).  Its operat ional   sequence is as fol lows 
(Figure 56) .  A t  t h e  moment poin t  4 is ca l led ,   which  is t h e  last  c a l c u l a t e d  
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Figure 56 

point   of   the  new c h a r a c t e r i s t i c ,   p o i n t  2 i n   t h e   f i r s t   g r o u p  is i n c l u d e d   i n   t h e  
second  group of standard  elements.   Point 1 i s  l o c a t e d   i n   t h e  main  sequence; 
i t s  address i s  known - i t  co inc ides   w i th   t he   s e l ec t ion   addres s ,  and t h e r e f o r e  
i t  can  be  immediately  t ransferred  to   the  operat ional   e lements   of   the   program. 

The CD program  must  compute p o i n t s  5 and 6 and  perform  the  requis i te   prep-  
a r a t i o n   f o r   c a l l i n g   t h e   s u b s e q u e n t  program. The computations  proceed  according 
t o   t h e   f i r s t  of the   methods   p resented   in   Sec t ion  10  (see  Figure 2 2 ) .  F i r s t  of 
a l l ,   t h e   c o o r d i n a t e s  r ,  t of p o i n t s  5 and 6 are found.   In   o rder   to  do t h i s ,  
i t  i s  s u f f i c i e n t   t o  know p o i n t s  2 and 4 .  It is  then   necessary   to   de te rmine   po in t  
3 a t  tl:e o l d   c h a r a c t e r i s t i c ,  whose a - c h a r a c t e r i s t i c   f a l l s  a t  po in t   5 .   In   t he  
f i r s t   app rox ima t ion ,  i t  may be assumed t h a t  a3  = a l .  Thus,   drawing  the  l ine 
d r  = a1 d t  from p o i n t  5 ( i t s   coo rd ina te s   a r e   a l r eady  known) and determining i ts  
i n t e r s e c t i o n   w i t h   t h e   l i n e   d r  = B 1  d t ,  which  approximately  coincides  with  the 
o l d   c h a r a c t e r i s t i c ,  w e  ob ta in   the   coord ina te  t of   po in t  3 .  

A f t e r   t h i s ,   p o i n t s  4 and 6 a r e   s t o r e d   i n   t h e  main sequence  (a t   point  6 t h e  
s ign   of  r changes) ;   the   recording  address  decreases by 12 uni t s .   Po in t   /140  
5 i s  t r ans fe r r ed   t o   t he   s econd   g roup  of standard  elements.   Point 3' which 
d i rec t ly   fo l lows   behind   po in t  3 is sough t   on   t he   o ld   cha rac t e r i s t i c ;  i t s  ad- 
d r e s s i s   r e c o r d e d  a t  the   l oca t ion   o f   t he   s e l ec t ion   addres s .  A s  may b e   r e a d i l y  
seen, i t  is now p o s s i b l e   t o   c a l l  program a@, which   cont inues   the   ca lcu la t ion   of  
t he   fo l lowing   s ec t ion   o f   t he   cha rac t e r i s t i c   i n   t he   cus tomary  manner. 

Program for computing  shock wave poin t  (&I program).. S i m i l a r l y   t o   t h e  CD 
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Figure 57 

program, t h i s  program  opera tes   a f te r   the  aB program,  and calls program aB a f t e r  
i t  h a s   f i n i s h e d   ( b u t ,   i n   c o n t r a s t   t o  CD, always  the same one). When the  opera- 
t i o n  is i n i t i a t e d ,   p o i n t  6 (Figure 5 7 )  is the   nex t   ca l cu la t ed   po in t   o f   t he  new 
c h a r a c t e r i s t i c ;   t h i s   p o i n t  w i l l  be  "truncated" by the  shock wave. A s  always, 
i t  i s  loca ted   i n   t he   s econd   g roup  of standard  elements.   Point 1 is l o c a t e d   i n  
t h e   f i r s t   g r o u p  of s tandard  e lements;   the   address  of p o i n t  2 co inc ides   wi th   the  
address of t h e   s e l e c t i o n   p o i n t .  

Knowing p o i n t s  1 and 2,  w e  may compute t h e   v e l o c i t y  of the  shock wave 
f r o n t ;  knowing p o i n t  6 ,  we may compute t h e   s l o p e  Of t h i s   B - c h a r a c t e r i s t i c .  
We may  now readi ly   f ind   the   coord ina tes   o f   po in ts  3 and 4 ,  a f t e r  which  point 3 
may be  determined by i n t e r p o l a t i o n   o v e r   t h e   s e c t i o n   j u s t  computed  of t h e  new 
c h a r a c t e r i s t i c  (which i s  completed by poin t  6 ) .  Point  5 may be   found  for   the  
o l d   c h a r a c t e r i s t i c   i n   e x a c t l y   t h e  same way as poin t  3 f o r   t h e  CD program  (Fig- 
u r e  5 6 ) .  The computation  of  point 4 does   no t   en ta i l   any   fundamenta l   d i f f i -  
c u l t i e s   a f t e r   t h i s .  

Point  3' which d i r ec t ly   fo l lows   po in t  3 i s  sought  on  the new charac te r i s -  
t i c .  Poin t  3 i s  s t o r e d   i n   t h e  main  sequence  (with  negative r) following 3 ' ;  
the   recording  address  i s  correspondingly  es tabl ished.   Point  5' which / 1 4 1  
d i rec t ly   fo l lows   po in t  5 i s  found on t h e  new c h a r a c t e r i s t i c ;  i t s  address i s  
assumed t o   b e   t h e   s e l e c t i o n   a d d r e s s .   P o i n t  4 is t r ans fe r r ed   t o   t he   s econd   g roup  
of  standard  elements,  and the  subsequent  program i s  c a l l e d .  

We sha l l   no t   d i scuss   t he   ope ra t ion  of the  other  computational  programs 
( t h e  most important  of  which are the   p rograms  for   comput ing   the   po in ts   to   the  
l e f t  and t o   t h e   r i g h t   o f   t h e   b o u n d a r i e s ) ,   s i n c e   t h e i r   l o g i c a l   s t r u c t u r e  may be 
readily  formulated  by  analogy  with  the  programs  discussed  above. We would only 
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l i k e   t o   p o i n t   o u t  certain s p e c i a l  cases, which may arise dur ing   t he   ope ra t ion  
of the  computational  programs. 

The CD program  in te rpola tes   po in t  3 (Figure 56) along  the  segment of t h e  
o l d   8 - c h a r a c t e r i s t i c ,  In o r d e r   t o  do t h i s ,  it f inds   t h ree   consecu t ive   po in t s  
which are c l o s e s t   t o   p o i n t  3 on t h i s  segment. However, it is  imposs ib l e   t o  
f i n d   t h r e e   s u c h   p o i n t s .   I n   t h e   f i r s t   p l a c e ,   t h r e e   p o i n t s  may not  exist on t h e  
o l d   c h a r a c t e r i s t i c   i n   g e n e r a l  - i .e.,  it may be   t oo   sho r t .   I n   add i t ion ,  it is 
p o s s i b l e   t h a t   d i s c o n t i n u i t y   p o i n t s  may be  encountered among t h e   p o i n t s   s e l e c t e d  
f o r   i n t e r p o l a t i o n .   T h i s   s i t u a t i o n  arises, f o r  example, when a shock wave ap- 
proaches a c o n t a c t   d i s c o n t i n u i t y .   S i m i l a r   s i t u a t i o n s  may e x i s t   d u r i n g   t h e  
opera t ion   of   the  SW program. The i n t e r s e c t i o n   o f  similar c h a r a c t e r i s t i c s ,  
etc., may occur   during  the  operat ion  of   the a$ program. 

A l l  of  these cases indicate   that   the   computat ional   program  cannot  compute 
the   subsequent   po in t ,   and   therefore   the   computa t ion   can   be   cont inued   on ly   i f   the  
l eng th   o f   t he   8 -cha rac t e r i s t i c s  i s  appropriately  reduced,   or   the   computat ion 
must  be  stopped, i n   g e n e r a l .   I n  a l l  such cases, the  computational  programs 
e f f e c t u a t e  a s top   w i th   t he   appropr i a t e   s igna l .   Af t e r   t he  start,  they ca l l  one 
of   the  logical   programs  which  determines  the  sequence  of   the  subsequent   calcu-  
l a t i o n .  On the  one  hand,   this   conforms  with  the  present   s i tuat ion  and,  on t h e  
o ther   hand ,   wi th   the   in format ion   in t roduced   prev ious ly   in to   the   cont ro l  ele- 
ments  and r e f l e c t i n g   t h e  computer  requirements  regarding  the  computational 
sequence i n  a ce r t a in   ca se .  When programs are   compiled,  a l l  of t h e   p o s s i b l e  
s p e c i a l  cases, as w e l l  as a l l  of t he   poss ib l e   computa t iona l   va r i a t ions  when 
they are e f f ec tua ted ,   mus t   be   s t i pu la t ed   ve ry   ca re fu l ly .  

4. CONTROLLING THE SEQUENCE I N  WHICH PROGRAMS ARE CALLED 
. ~ ~~ 

From t h i s   p o i n t   o n ,  w e  s h a l l  employ t h e  term reg ion   t o   des igna te   t he   po r -  
t i o n  of t h e  r,  t-plane  included  between two c o n t a c t   d i s c o n t i n u i t i e s .  The com- 
p u t a t i o n  is performed by t h e  af3 - and SW programs  within  each  region. The CD 
programs  operate  on  the  boundaries  of  adjacent  regions.  The boundary  conditions 
may be  def ined on the   r igh t   boundary   o f   the   r igh t   reg ion   and   the   l e f t   boundary  
of the   l e f t   reg ion .   These   boundar ies   mus t   be  computed  by special   programs,  
which w e  sha l l   des igna te   by  RB (r ight   boundary)  and LB ( le f t   boundary) .  

L e t  us assume t h a t  w e  must  compute a c e r t a i n   & c h a r a c t e r i s t i c .  / 142 
Generally  speaking, it i n t e r s e c t s  several contac t   d i scont inui t ies   and   shock  
waves, so  t h a t  its s t r u c t u r e  may be  expressed  (approximately) as is shown i n  
Figure 58. T h i s   s t r u c t u r e  may be coded i n   t h e   f o l l o w i n g  way, f o r  example. L e t  
us   des igna te  a l l  the   con tac t   d i scon t inu i t i e s   by   t he   i ndex  1, and the  shock 
waves by the   i ndex  0. We s h a l l   u s e   t h e   i n d e x  1 f o r   t h e  l as t  (upper)  point  of 
t h e   c h a r a c t e r i s t i c ;  we s h a l l   n o t   u s e  an index   fo r   t he   l ower   po in t .  If  w e  now 
move a long   t h i s   cha rac t e r i s t i c   f rom  the   bo t tom upward and i f  w e  record  a l l  of 
t he   i nd ices   encoun te red   i n   t h i s   p rocedure ,  w e  o b t a i n  a cer ta in   b inary   code .  
This  code w i l l  b e  as f o l l o w s   f o r   t h e   c h a r a c t e r i s t i c  shown i n   F i g u r e  58: 
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Figure  58 
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From t h e  number  of control   e lements ,  l e t  us  select a cer ta in   e lement  u 
and l e t  us write t h i s  code i n  it, beginning   wi th   the  OtJ d i g i t .  We ob ta in  
t h e   s c a l e  of d i s c o n t i n u i t i e s   r e f l e c t i n g   t h e   o v e r - a l l   s t r u c t u r e  of t he   r egu la r  
8 -cha rac t e r i s t i c .  

L e t  u s   s e l e c t  one  element,  and le t  us write one i n  it i n   t h e  O& d i g i t  - 
and  zeros   in  a l l  the  remaining  places  - before  the  computat ion i s  i n i t i a t e d .  
L e t  each of t he  SW and CD programs move t h i s  one  one d i g i t   t o   t h e   r i g h t   a f t e r  
they are c a l l e d .  A s  may be   readi ly   seen ,  when any  segment  of  the  characteris-  
t i c  i s  computed th i s   mob i l e  one w i l l  i n d i c a t e   t h e   d i g i t  of the  element u which 
des igna te s   t he   nex t   c lo ses t   d i scon t inu i ty .  Thus, t h e  a8 programs are a b l e   t o  
determine  what  program  must  be  called - t h e  sw o r   t h e  CD program. 

However, t h i s   i n fo rma t ion  is insuf f ic ien t   for   an   accura te   de te rmina-   /143  
t i o n  of the  program t o  be  cal led.  The s u b s t a n c e s   i n   d i f f e r e n t   r e g i o n s  may 
s a t i s f y   d i f f e r e n t   e q u a t i o n s  of state,  and t h e r e f o r e  - f o r  example - t h e  SW 
programs may d i f f e r   c o n s i d e r a b l y   f o r   d i f f e r e n t   r e g i o n s .  The a8-programs, 
which are c a l l e d  by t h e  SW and CD programs, may a l s o   b e   d i f f e r e n t   i n   d i f f e r e n t  
regions.  The necess i ty   thus  arises of  knowing a t  each moment i n  which  region 
a given  program  operates a t  a given time. 

The simplest   procedure is t o  number a l l  of t h e   r e g i o n s   f r o m   r i g h t   t o   l e f t  
wi th   the  numbers 0, 1, 2,  ..., and t o   p l a c e  a coun te r   i n   one  of t h e   c o n t r o l  
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elements;  each CD program  adds  one t o   t h i s   c o u n t e r .  Then each  computational 
program may accurately  determine  which  program  belongs  to it a f t e r  it is 
ca l led .  

Logica l   p rograms  par t ic ipa te   in   the   cyc le ,   in   addi t ion   to   computa t iona l  
programs.  There are three  such  programs - B 1 ,  B2 and BP, and t h e i r   f u n c t i o n  is 
as follows. They are c a l l e d  when the   ca l cu la t ion   o f   each   cha rac t e r i s t i c  is 
terminated,  before  the  beginning  of  the  subsequent  computation. 

We may  now provide a complete  description  of a l l  the   appa ra tus   con t ro l l i ng  
the  sequence  in  which  the  programs are c a l l e d .   I n   o r d e r  t o  formulate a com- 
mand fo r   r ead ing  a c e r t a i n  program  from the  magnet ic  drum, i t  is  necessary 
t o  know two numbers: f o r  example, t h e  number  of t h e   f i r s t  drum element  occu- 
pied  by  the  program,  and  the  total  number of   codes   for   th i s  program. L e t  us 
c a l l   b o t h  of these  two numbers t h e  parameters of the  given  program. TWO groups 
of   12   b inary   d ig i t s  are s u f f i c i e n t   f o r   r e c o r d i n g  them - two addresses   ( for  ex- 
ample,  of the  second and t h i r d )   o f   t h e  memory element. 

L e t  us  assume t h a t  a l l  programs are being computed for   p roblems  cons is t ing  
of no  more than   th ree   reg ions .  It w i l l  b e   s e e n   t h a t   t h i s  number may be com- 
puted  without any p a r t i c u l a r ;   d i f f i c u l t y .  L e t  us select 13 consecut ive  (control)  
elements,  and l e t  us number  them wi th  x ,  1~ + 1,. ....., x + 1 2 .  L e t  u s   p l ace  
the  parameters  of a l l   t h e   p a r t i c i p a t i n g  programs i n   t h e s e   e l e m e n t s   i n   t h e   f o l -  
lowing  order: 

These  parameters  occupy  only 24 d i g i t s  of  each  element;  the  remaining  /144 
d i g i t s  may b e   u t i l i z e d   f o r   o t h e r   i n f o r m a t i o n   ( t h e   s e l e c t i o n  and recording ad- 
dresses  may be  placed  there ,   for   example) .   In   addi t ion,   three numbers are 
s to red   i n   t he   con t ro l   e l emen t s  - t h e  number o f   t he   f i r s t   r eg ion   (where   t he  
lower   po in t   o f   t he   cha rac t e r l s t i c  is l o c a t e d ) ,   t h e  number of t h e  las t  reg ion  
(where  the  upper  point i s  l o c a t e d ) ,  and t h e   c u r r e n t  number of  the  region. The 
c u r r e n t  number of t he   r eg ion   co inc ides   w i th   t he  number of t h e   f i r s t   r e g i o n  be- 
f o r e   t h e   i n i t i a l   c o m p u t a t i o n   o f   t h e   r e g u l a r   c h a r a c t e r i s t i c .   A f t e r   t h i s ,   e a c h  
CD program  adds  one t o  it, s o  t h a t  a t  t h e  end of the  computation i t  must  coin- 
c ide   w i th   t he  number o f   t he  las t  r eg ion   ( i f  a s p e c i a l  case does  not  occur,   due 
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t o  which the   g iven   cha rac t e r i s t i c   canno t   be  computed u n t i l   t h e   e n d ) .  

The las t  (upper)  point of t h e   n e x t   & c h a r a c t e r i s t i c   c a n   e i t h e r   b e l o n g  
o r   n o t   b e l o n g   t o   t h e   l e f t  boundary.  Thus, i n   t h e  problem shown i n   F i g u r e  5 4 ,  
t h e   f i r s t  case occurs   a t   the   beginning   of   the   compta t ion ;   the   second case 
occurs a t  the   end   o f   t he   computa t ion .   In   t he   f i r s t  case, a t  the  end  of   the com- 
p u t a t i o n   t h e   c h a r a c t e r i s t i c s   o f   t h e  aB-?rogram must ca l l  t h e  LB program; i n  
the  second case, t h e  B 1  program i s  c a l l e d   d i r e c t l y   ( t h e  LB program  always cal ls  
B l ) .  Consequently, we must   thus  be  able   to   dis t inguish  between  these two 
cases.  Gne d i g i t   i n  one  of t he   con t ro l   e l emen t s   can   beass igned ,   i n   o rde r   t o  do 
t h i s .  The presence  of  one i n   t h i s   d i g i t  w i l l  s i gn i fy   t he   p re sence  of t h e   l e f t  
boundary;  zero i n   t h i s   d i g i t  w i l l  i n d i c a t e  i t s  absence. 

L e t  us assume t h a t   t h e  af3-program i s  i n   o p e r a t i o n  a t  any moment. L e t  us 
examine i n   d e t a i l   t h e  manner i n  which i t  produces  the ca l l  of the  subsequent  
program. 

F i r s t  of a l l ,  t h e  program  compares t h e  number of t h e  l as t  r eg ion   w i th   t he  
cur ren t  number  of the   reg ion .  Two cases  are thus   2oss lb l e :  

A s  may be   r ead i ly   s een ,   t h i s  w i l l  be   the  parameters   of   the  SW o r  CD program 
cor responding   to   the   g iven   reg ion .  

2. Numbers coincide.   Just   as   previously,   the   program  f inds  the  quant i ty  
T. I f  T = 0, then  the  parameters are se l ec t ed   f ron   t he   e l emen t   w i th   t he  number 
x + 3n f 1 ( t h e  SW nrograrc). I f  T = 1, the   p resence   o f   the   l e f t   boundary  is  
t e s t e d ,  and - depending on i t s  condi t ion - e i the r   t he   pa rame te r s  LB o r  B 1  are 
selected. 

The SW and RB programs select the  parameters   f rom  the  e lement   with  the 
number x -k 3n (the  a@-program i n   t h e   g i v e n   r e g i o n ) .  The CD programs  proceed i n  
t h e  same manner,  only i t  t a k e s   p l a c e   a f t e r  a change i n   t h e   c u r r e n t  number of 
the   reg ion .  The LB program  always calls  B1, and t h e  lat ter - B2. This  sequence 
of calls  is  d i s t u r b e d   i n   s p e c i a l  cases (see  above);   then any  computational 
program cal ls  the  program B1.  

5. LOGICAL PROGRAMS 1145 - 

The l e f t   l o g i c a l  program B1 opera tes   immedia te ly   a f te r   the   regular   char -  
acterist ic has  been  computed. The bas ic   func t ions   o f   th i s   p rogram  cons is t   o f  
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process ing   the   upper   end   of   the   ca lcu la ted   charac te r i s t ic ,   changing   the  compu- 
t a t i o n a l   r e g i m e   i n   s p e c i a l  cases ( i . e . ,  when t h i s  program is ca l l ed   "ou t s ide  
of the  sequence"),  and  producing  so-called small outputs .  

The r e g i o n   t o   b e   i n v e s t i g a t e d  may be   l imi t ed   above   e i the r  by a c e r t a i n  
a - c h a r a c t e r i s t i c ,   o r   b y   c e r t a i n   c r o s s   s e c t i o n  t = t o .  The q u a n t i t y  t o  must  be 
given, i .e. , i t  is included among constants  which  determine  the  problem as a 
whole. I n   t h e  lat ter case, the   upper   ends   o f   the   @-charac te r i s t ics   mus t   be  

truncated"  from t i m e  t o  time, o r  - as may b e   r e a d i l y   s e e n  - t he   uppe r   po in t  
of t h e  new c h a r a c t e r i s t i c  w i l l  always l i e  above   the   upper   po in t   o f   the   o ld  
one.   "Truncat ion"  of   the  character is t ic  may be   r educed   t o   t he   fo l lowing  
operat ions:  

I 1  

(a )   de te rmina t ion   of   the  las t  po in t   r ema in ing   on   t he   cha rac t e r i s t i c .   I n  
t h e  case under   considerat ion,  one-two points  must  remain  above  the  cross sec- 
t i o n  t = t o  i n   o r d e r   t h a t   i n t e r p o l a t i o n  may be  subsequently  performed  over 
t = t o  and t h e   c r o s s   s e c t i o n   p o i n t  may be  determined. 

(b)   the  recording a t  t h i s   p o i n t   o f   t h e  end of t h e   c h a r a c t e r i s t i c ,  i.e., 
t h e  minus s i g n   f o r  r ;  

(c)  a change i n   t h e  scale (5, o r   d i s c o n t i n u i t y   p o i n t s  may occur among t h e  
points  which are discarded;  

(d) a change i n   t h e  number of   the las t  r e g i o n ,   i f   t h e r e  is a contac t   d i s -  
con t inu i ty   po in t  among the   po in ts   which  are discarded.  

A change i n   t h e   c o m p u t a t i o n a l   r e g i m e   i n   s p e c i a l  cases natural ly   depends 
on the   na tu re   o f   t he  case. A s  a r u l e ,  i t  may be  pr imari ly   reduced  to   " t run-  
ca t ing"   pa r t   o f   t he   &charac t e r i s t i c .   Thus ,   i f   t he   shock  wave approaches  the 
con tac t   d i scon t inu i ty ,  s o  t h a t  one  of  the SW and CD programs  discovers a shor t -  
age   o f   po in t s   fo r   t he   i n t e rpo la t ion   ( s ee   above ) ,  i t  is then   necessary   to   " t run-  
cate'' p a r t  of t h e   @ - c h a r a c t e r i s t i c   l i n e   a b o v e   t h i s   c o n t a c t   d i s c o n t i n u i t y .  

The "small outputs ' '   produced  also by t h e  B1 program  pr imar i ly   inc lude   the  
output   of   the   upper   and  lower  points   of   the  computed c h a r a c t e r i s t i c ,  as w e l l  as 
the   po in ts   (b inary)   o f  a l l  t h e   d i s c o n t i n u i t i e s .  A l l  o f   t hese   po in t s  may b e  de- 
te rmined   wi th   no   d i f f icu l ty ,   s ince   they   have   the   appropr ia te   des igna t ions .   In  
a d d i t i o n  it i s  poss ib l e   t o   de t e rmine   t he   po in t s   o f   t he   g iven   c ros s   s ec t ions  
( t  = const)  and t h e   t r a j e c t o r y  (R = cons t ) .   I n t e rpo la t ion   ove r   t he   cha rac t e r -  
i s t i c  i s  required  here .  The B1 program  contains  the  corresponding  block. 

L e t  us   descr ibe  the  operat ion  of   the  second  logical   program - B2. I f   t h e  
basic   problem of t h e  B1 program is  " to   p rocess"   the  computed @ - c h a r a c t e r i s t i c ,  
t hen   t he  B2 program i s  concerned  with  the  preparat ion  for   computing  the new 
c h a r a c t e r i s t i c .  We m u s t   p o i n t   o u t   t h a t ,   i n  essence, both  of  these  programs 
should  be  regarded  as   one  "current"   program.  Their   separat ion  into two /146 
programs is d ic t a t ed   by   pu re ly   t echn ica l   cons ide ra t ions  (economy of   the  opera-  
tive memory) . 
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The sequence   o f   po in t s   compr i s ing   t he   l i ne   o f   i n i t i a l   da t a  is s t o r e d   i n  
t h e  memory of the  machine,   a long  with  the  main  sequence  ( the  6-character is t ic) .  
Gene ra l ly   speak ing ,   t h i s   l i ne   cons i s t s  of several fragments  adjacent  to  each 
other;   each  of  these  fragments is  e i t h e r  a s p a c e l i k e   l i n e   ( f o r  example, t h e  
t = c o n s t   l i n e )   o r  a fragment of t he   a - cha rac t e r i s t i c .  The t r a n s i t i o n   p o i n t s  
from  one  segment to   ano the r   ( angu la r   po in t s )  are i n  a c e r t a i n   s e n s e   s p e c i a l  
p o i n t s   f o r   t h e   l i n e  of i n i t i a l   d a t a .   I n   a d d i t i o n ,   t h e   l i n e  of i n i t i a l   d a t a  can 
con ta in   d i scon t inu i ty   po in t s  - c o n t a c t   d i s c o n t i n u i t i e s  and shock  waves. 

All of t h e s e   p o i n t s  must   have   the   appropr ia te   des igna t ions ,   in   o rder   tha t  
t h e  program may recognize them. I n   o r d e r   t o  do t h i s ,  it is  p o s s i b l e   t o  employ 
( i n  a more comprehensive  form)  the same method  used t o   r e c o r d   t h e   d i s c o n t i n u i t y  
p o i n t s   i n   t h e  main  sequence. The q u a n t i t i e s  r and R may always  be assumed t o  
be   pos i t i ve .   In   add i t ion ,   t hey  are s t o r e d   i n   t h e  memory of the  machine, as 
always, i n   t h e  form of normalized  binary  numbers, so  t h a t   t h e   f i r s t   d i g i t  of 
the   mant i ssa  must  always  be  one f o r  them.  Thus, bo th   fo r  r and R the   con ten t s  
of t h e  two d i g i t s  - t h e   s i g n  of t he  number  and of t h e   f i r s t   d i g i t  of t h e  man- 
t issa  - was known beforehand.   Therefore ,   these   d ig i t s  may a r b i t r a r i l y   c h a n g e  
when they are s t o r e d   i n   t h e   s e q u e n c e   ( a f t e r  a po in t  i s  t ransfer red   to   the   opera-  
t iona l   e lements ,   in   o rder   to   per form  the   computa t ion  i t  is  n e c e s s a r y   t o   r e s t o r e  
the  normal form Of these   d ig i t s   each   t ime) .   Th i s  makes i t  poss ib l e   t o   a s s ign  16 
d i f f e ren t   des igna t ions  t o  the   po in t s .  

The p r e p a r a t i o n   f o r  computing t h e   r e g u l a r   c h a r a c t e r i s t i c  encompasses t h e  
following two s t e p s  a t  least: 

( a )   t h e   t r a n s f e r  of t h e   p o i n t  of i n i t i a l   d a t a   t o   t h e   s e c o n d   g r o u p  
of  standard  elements; 

(b)  establishment of t h e   i n i t i a l  s ta te  v f  t h e   s e l e c t i o n  and recording 
addresses .  

We should   po in t   ou t   tha t   the  i n i t i a l  s ta te  of t h e   s e l e c t i o n  and recording 
addresses  depends  on  the  nature of t h e   i n i t i a l   d a t a  segment  on  which the   next  
po in t  l ies .  I f   t h i s  segment is  s p a c e l i k e ,   t h e n   t h e   s e l e c t i o n  and recording ad- 
d re s ses  must c o i n c i d e .   I f   t h e   i n i t i a l   d a t a  segment i s  a segment o€ the  a- 
cha rac t e r i s t i c ,   t he   r eco rd ing   addres s  must b e   s i x   u n i t s   g r e a t e r   t h a n   t h e  selec- 
t ion   address   ( the  last po in t  of t h e   o l d   c h a r a c t e r i s t i c   d o e s   n o t   p a r t i c i p a t e   i n  
the  computation).  

When t h e   n e x t   p o i n t   o f   i n i t i a l   d a t a  is  a d i scon t inu i ty   po in t ,   add i t iona l  
operat ions are genera l ly   requi red ,   the  most important of  which are: 

(c) a change i n   t h e   s c a l e  of t he   d i scon t inu i ty  (5 ( in   view of the  formation 
of a new d i s c o n t i n u i t y ) ;  

(d) a change i n   t h e  number  of t h e   f i r s t   r e g i o n  (when t h i s  new discont inu-  
i t y  is a con tac t   d i scon t inu i ty ) .  
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The last - t h e   t h i r d  - l o g i c a l  program (BPI produces  the con- I147 
t ro l l ed   r epe t i t i ons   o f   t he   computa t ion  and  produces  the  so-cal led  large  outputs .  
As always,   the  operation  of  the  machine must be   cont ro l led .   For   th i s   purpose ,  
the  corcputation is d iv ided   i n to   f r agmen t s   ( l e t   u s   s ay   t he re  are 10   charac te r -  
istics per  fragment);   the  computation  of  each  fragment is repeated.  The r e s u l t s  
a r e  compared  and, when they   co inc ide ,   the  s ta te  of t h e   o p e r a t i v e  memory is 
recorded  on  nagnetic  tape,   and  the  computation i s  cont inued.   Since  this   pro-  
cedure i s  w e l l  known to   every   exper ienced  programmer, w e  s h a l l   n o t   d e s c r i b e  it 
i n   d e t a i l .  

- 

Immediately a f t e r   t h e   r e s u l t s   o f   t h e   n e x t   f r a g m e n t  are recorded  on  the 
t ape ,   t he  B? program  produces  the  output   of   the   aain  sequence  on  the punch 
("large  output").  

In   add i t ion   t o   t he   computa t iona l  and l o g i c a l  programs  enumerated  above, 
one   "ac tua t ing"   p rogram  par t ic ipa tes   in   the   opera t ion .  Its assignment is  t o  
i n t r o d u c e   t h e   i n i t i a l   d a t a ,   t o   c o n v e r t  them i n t o  a b inary   sys tem,   to   a r range  
them i n   t h e  memory a t  the   r equ i s i t e   p l aces ,   t o   a s s ign   t he   appropr i a t e   des igna -  
t i o n s   t o   t h e   s p e c i a l   p o i n t s ,   t o   f o r m u l a t e   t h e   c o n t r o l   e l e m e n t s ,  etc. This 
program  opera tes   once ,   before   the   in i t ia t ion   o f   the   computa t ion .  

In  ve ry   gene ra l   ou t l i nes ,   t hese  are the  pr inciples   underlying  the  programs 
for   performing  computat ions  according  to   the characteristics method. We should 
point   out   once more t h a t   t h e   s o l u t i o n   p r e s e n t e d   a b o v e   f o r   d i f f e r e n t  computa- 
t i o n a l  and logical   problems may i n  no way be  regarded as the   on ly   poss ib le   so lu-  
t i o n .  
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APPEEDIX 2. EXAMPLE 

In   conclus ion ,  w e  would l i k e   t o   p r e s e n t   o n e   s p e c i f i c   e x a m p l e   i l l u s t r a t i n g  
t h e  manner i n  which a gasodynamics  problem i s  computed a c c o r d i n g   t o   t h e  method 
presented  above. 

The s t r u c t u r e  of the  problem i s  as follows. A t  t h e  i n i t i a l  moment, t h e r e  
is a s p h e r i c a l   v o l m e   h a v i n g   t h e   r a d i u s  r = 1 f i l l e d   w i t h   a n   i d e a l   g a s   h a v i n g  

an   ad iaba t ic   index  x = - w i t h   t h e   d e n s i t y  p g  = 1 a d  pressure  po = 20. This 

volume i s  enclosed by a l aye r   o f   t he  same gas  having  the same dens i ty ,   bu t  
with  zero  pressure (it  may be assumed t h a t   t h e s e   s u b s t a n c e s   a r e   i n i t i a l l y   d i -  
vided by a s o l i d ,   i n f i n i t e l y   t h i n ,   s p h e r i c a l   w a l l ) .  The o u t e r   r a d i u s   o f   t h i s  
l a y e r  i s  2. F ina l ly ,   on   t he   ou t s ide   t he re  i s  a spher ica l   enve lope  made of a 
substance  having  an  equation of s ta te  such as (5.15) - (5.18)  with an o u t e r  
rad ius  of 2.5,  which i s  charac te r ized  by the   fo l lowing  parameters: X = 3 ,  
p g  = 5, co = 3 ,  po = 0. This   en t i re   sys tem is surrounded by a vacuum. 

5 
3 

A t  t h e  t i m e  t = 0 ,  l e t  us assume t h a t   t h e   p a r t i t i o n   e n c l o s i n g   t h e   i n n e r  
spher ica l   vo lune   of   the   subs tance   wi th   the   p ressure  p = 20 suddenly i s  removed. 
A s  i t  expands,   the  substance sets i n  motion  the  layers   surrounding i t;  t h e  
motion vi11 be   sphe r i ca l ly  s-ymmetrical. 

Figure 59 presents   the   over -a l l   p ic ture   o f   the   mot ion  on t h e  r,  t-plane,  
obtained by  ernploping t h e   c h a r a c t e r i s t l c s  method for   the   computa t ion .   Af te r   the  
d e c a y   o f   t h e   i n i t i a l   d i s c o n t i n u i t y   ( p o i n t   l ) ,   t h e   b o u n d a r y  of the  inner   sub-  
s tance   begins  t o  move t o   t h e   r i g h t   ( l i n e  1 - 2 ) ;  a shock wave ( l i n e  1 - 3)  
arises i n   t h e   m i d d l e   l a y e r   b e f o r e  i t .  An expansion wave def ined by the  char-  
acterist ics 1 - 4 and 1 - 5 a p p e a r s   i n   t h e   i n n e r  volume. A new shock wave 
5 - 6 ,  which r e s u l t s  from t h e   i n t e r s e c t i o n  of t he   B-cha rac t e r i s t i c s ,  arises a t  
point  5.  

The shock wave 1 - 3 ,  reaching   the   boundary   wi th   the   ou ter   l ayer ,  is  re- 
f lec ted   f rom i t  ( l i n e  3 - 2) ;  a shock wave 3 - 7 passes   in to   the   ou termost  
layer .  The r e f l e c t e d  wave 3 - 2 ,  reaching  boundary 1 - 2,   decays  into a shock 
wave 2 - 8 and  an  expansion wave which i s  def ined by t h e   c h a r a c t e r i s t i c s  2 - 9 
and 2 - 10. The boundary of the   inner   l ayer   cont inues   the   mot ion   a long   the  
l i n e  2 - 11. 

The shock wave 3 - 7 ,  reaching  the  f ree   boundary (R = 2.5),  is discharged 
by the  expansion wave included  between  the  l ines  7 - 12 and 7 - 13. The last 
c h a r a c t e r i s t i c  (shown i n   t h e   f i g u r e  by the   dashed   l ine)  is  t h a t   l y i n g   i n   t h e  
region of nega t ive   p re s su re ;   i n   o the r   words ,  a separa t ion   deve lops   in   /149  
the   ou ter   enve lope .  The o r i g i n  is taken on t h e   l i n e  7 - 14 ,  where t h e   p r e s s u r e  
p vanishes .   This   l ine  becomes t cme l ike   fo r   po in t  14 ,  so  t h a t  a wave encompas- 
s i n g   t h e   s e p a r a t i o n  (14 - 15) is  i n i t i a t e d  a t  point  14.  The sepa ra t ion   r eg ion  
i s  c rossha tched   i n   t he   f i gu re .  
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Figure 59 

,- 
+The  problem w a s  computed  on a n   e l e c t r o n i c  "Strela" computer  according  to 

the   p rogram  descr ibed   in  Appendix 1. The c h a r a c t e r i s t i c  1 - 4 served as t h e  
i n i t i a l   d a t a   l i n e ;  on t h i s   c h a r a c t e r i s t i c ,  u, p ,  p r e t a in   cons t an t   va lues  
(u '= 0, p = 1, p = 20) as may be   r ead i ly   s een .  The computation w a s  divided 
i n t o  several s e c t i o n s ;   t h e   s e p a r a t i o n  w a s  computed  by  hand. 

All of the  computat ional   e lements  were adequate ly   d i scussed   in   the   p re-  
ceeding   sec t ions ,   and   therefore  w e  s h a l l   n o t   p r e s e n t  them. 

Sc ien t i f i c   T rans l a t ion   Se rv ice  
4849 Tocaloma  Lane 

L a  Canada, C a l i f o r n i a  

F-298 NASA-Langley, 1967 - 12 
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T h e  aeronautical and @ace activities of tbe United States shall be 
conducted so as to contribute . . . to the expansion of human knowl- 
edge of phenomena in  the atmosphere and space. Tbe Administration 
shall provide for the widert practicable  and appropriate dissemination 
of information concerning its activities and the results thereof.” 

-NATIONAL h3RONAUTICS AND SPACE ACT OF 1958 

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS 

TECHNICAL REPORTS:  Scientific and technical information considered 
important, complete, and a lasting contribution to existing howledge. 

TECHNICAL NOTES: Information less broad in scope but nevertheless  of 
importance as a contribution to existing bowledge. 

TECHNICAL MEMORANDUMS: Information receiving  limited  distribu- 
tion because  of preliminary  data,  security  classification, or other reasons. 

CONTRACTOR REPORTS Technical information generated in connection 
with a  NASA  contract or  grant and released under NASA  auspices. 

TECHNICAL TRANSLATIONS: Information published in a foreign 
language considered to merit NASA distribution in English. 

SPECIAL  PUBLICATIONS: Information derived from  or of value to NASA 
activities.  Publications indude conference  proceedings,  monographs, data 
compilations,  handbooks,  sourcebooks, and special  bibliographies. 

TECHNOLOGY UTILIZATION PUBLICATIONS: Information on tech- 
nology used  by  NASA that may be of particular interest in commercial and  other 
nonaerospace  applications.  Publications  include Tech Briefs;  Technology 
Utilization Reports and Notes; and Technology Surveys. 

Details  on  the  availability of these publications  may  be obtained tiom: 

SCIENTIFIC  AND  TECHNICAL  INFORMATION  DIVISION 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

Washington, D.C. PO546 


